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Based on the virial theorem, the influence of the following factors to characteristics of mechanical support systems of 
toroidal magnetic energy storage is considered: the configuration of the coils, the support system elements location 
under compressive forces, the mechanical properties of the material, the distribution of the cross-sectional areas of the 
support rings and the corresponding distribution of radial forces. It is established that the volume of structure 
requirement depends only on the radii from which the coils transmit forces to the support rings. The found general 
relation, in contrast to the existing ones, establishes a relationship between all the parameters that determine the 
volume of the support structures. The characteristics of support systems are analyzed both for identical mechanical 
stresses and for identical mechanical properties of all support elements. The characteristics for specific examples of 
toroidal systems with circular coils are found. It is shown that systems with support elements in compression located on 
the side of the vertical axis of the torus have a significantly smaller volume of structure compared to other locations. 
The influence of the relative radial size of the torus cross-section and the distribution of the cross-sectional areas of the 
support rings on the structure requirement is analyzed. The relationship between dimensionless characteristics that 
determine the volume of elements subjected to mechanical stresses of compression and tension is noted. References 37, 
figures 8, table 1. 
Key words: toroidal magnetic energy storage, virial theorem, structure under compression, support structure volume. 
 

Introduction. The success of the use of superconducting magnetic energy storage (SMES) in large-
scale fusion installations [1 - 3] leads to interest in their widespread use in various technical fields. The 
advantage of the SMES compared to many other energy storage devices is related to the response speed to 
perturbations [4]. However, the high cost of installations limits their widespread use in improving the quality 
of electricity [5]. Reducing the cost, in particular, of its component associated with the support structures that 
are affected by electrodynamic forces, is an urgent task.  

SMES as a fast-acting means of regulated consumer/source of energy in electric power systems can 
perform, in particular, the following functions: voltage and frequency stabilization [6 - 8]; increasing the 
level of static and dynamic stability, as well as the survivability of power systems [9 - 12]; damping of 
electromechanical oscillations and compensate the random oscillations of generation and power transmission 
[13 - 15]; in smart grid systems and in systems with renewable energy sources to compensate for power 
fluctuations [16 - 18]. The variety of tasks that can perform SMES, determines the appropriate choice, or 
special development of the superconducting storage, which primarily relates to the geometric configuration 
of its windings. 

The value of the magnetic field energy stored in SMES for use in the power industry is in a fairly 
wide range W=30104 MJ. The maximum value is about an order of magnitude smaller than the value of the 
stored energy of the largest to date under construction thermonuclear installation ITER W~105 MJ. For 
SMES with a large accumulated magnetic field energy W>103-104 MJ, the mass of the supporting structures 
makes a significant contribution to the total number of materials of the magnetic system in addition to the 
superconducting winding [19].  
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There are several ways to reduce the total structural mass in toroidal energy storage. Reducing the 
structural mass due to the redistribution of electrodynamic forces, but with the complication of the geometry 
of the magnetic system and increasing stray fields [20], is achieved in helical toroidal windings [21 - 23], as 
well as using toroidal systems with tilted coils of special configuration [24 - 26] ]. In toroidal systems with 
flat coils without tilt, it is also possible to reduce the mass of the suppot system by choosing configurations 
with constant stresses in the structural elements. These are toroidal systems with D-shaped coils [27 - 29], 
which were studied primarily in the field of fusion, and devices with structural elements inside the toroidal 
volume, which can be used for electric power applications [30, 31]. 

The volume (mass) of structures has limitations that set the lower limit of the required volume 
(mass). General relations for the total structural masses of magnetic systems are formulated on the basis of 
the Clausius virtual theorem [32] and written by Levy for electromagnetic systems [33]. According to the 
theorem, the volume V  and, accordingly, the mass VM  with the density   of unidirectionally stressed 
structure satisfy the condition: 

 





W
VM , (1) 

where   is average stress. 
If the part of the structure under tension tV  is balanced by the structure under compression cV , then 

 



W

VV ct . (2) 

 
Volume cV  can also be zero. An example of magnetic systems for which the compressive forces in 

the supporting systems may be zero are helical toroidal systems or systems with tilted coils. For this case, the 
total volume: 

 



W

VVVV cct 2  (3) 

is determined by only volume tV  under tension. 
In magnetic energy storage, part of the elements is in compression, and the other part is subjected to 

tensile forces. In [32], for such systems, the corresponding volumes of stressed structures are presented as:  
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where dimensionless characteristics tQ  and tQ  are determined by dimensionless parameters that 

characterize the configuration of the magnetic system. Here value tQ  for structures under tension is positive 

and value cQ  is negative in compression one. This definition of the sign of the characteristics corresponds to 
the positive values of tensile stresses and negative values of compressive stresses. 

From the general statement valid for any configuration, current distribution and energy parts of 
poloidal and toroidal fields,  
 1 ct QQ  (5) 

it follows that the minimum value of the structure requirement is reached when 
 1 сt QQ . (6) 

For magnetic systems that have been built or designed, the minimum values were not achieved. The 
values resulting from the virtual theorem and the corresponding values in the designed and implemented 
magnetic systems can differ significantly [34]. However, the virtual theorem indicates a value that can be 
approached and indicates the lower limit of the structure requirement, less than which can not be achieved. 
Currently, based on the virial theorem, the structural limitations are compared both superconducting 
magnetic energy storage (SMES) and other types of energy storage [35]. These circumstances determine the 
relevance of research based on the general conditions of the theorem. 

Expressions for the characteristics tQ  and cQ  found in [32] under certain assumptions and are valid 
in some cases of the support system. They not taking into account the location of the support elements and 
the mechanical properties of the structures material. Since the volumes of structures under compression and 
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tension are directly related by relation (6), consideration of only one component gives an answer to the value 
of total structure requirement. So, the purpose of this work is to find for toroidal magnetic storage, based on 
the general statements, the characteristics of support systems which are subject to compression forces, and to 
study the influence of geometric configuration of toroidal magnetic field coils, the location of elements of 
support structure, mechanical material properties. 

1. Mathematic model. Basic relation for the support system.  
We assume that the winding consists of a large number of coils. In this case, the winding can be 

represented as a current surface of an infinite number of current filaments (Fig. 1). The toroidal configuration 
is characterized by a large radius of the torus, which is defined as average value between the smallest 1 and 
the largest 2 radii of the toroidal surface R=(2 + 1)/2. The geometry of the torus cross-section will be 

characterized by dimensionless parameters i ,1 , where the first parameter 
determines the relative radial size of the cross-section torus 

  RRr 2121  , and other dimensionless parameters determine 
the shape of the torus cross-section and do not depend on the large radius 

rrii  . 

The magnetic field B  created by the current NII 0  of all coils N  
is concentrated only inside the torus and is directed in the azimuthal direction 
along a single vector e : 




 eB
2

00 NI
.      (7) 

 
The linear density of electrodynamic forces acting to the current of 

each coil is 

 nnf




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NI
BI . (6) 

 
Since the density of electrodynamic forces along the perimeter of each coil increases as it approaches 

to the vertical axis of the torus, the forces are unbalanced and the resultant force   efF R
l

R Fdl 000  is 

directed in the radial direction to the vertical axis. 
Radial directed forces act to the elements of the support structure, which in this case can be 

represented as a dense system of a large number of rings located on the generatrix torus (Fig. 2, a). In this 
case, all characteristics (ring thickness  lh , Young's modulus of the ring material  lE , stresses  l ) will 
be represented as continuous functions of length along the perimeter of torus cross-section calculated from 
the starting point. 

To determine the required volume of the 
supporting structure, we will use the model of virtual 
work A  of forces with a virtual change of the 
generalized coordinate, in this case the large radius of 
the torus R , and the associated virtual change of 
magnetic field energy W . All other generalized 
coordinates that characterize the state of the system 
are considered constant, i.e. the geometry of the coils 
(cross-section of the torus) does not change. The 
projection of radial forces on the radial direction is 
negative and it leads to compression of the supporting 
structures. For this reason, in Fig. 2, b the virtual 
change R  are shown as negative value. 

Since the current at elementary movement 
R  remains unchanged, the corresponding relation 

between the virtual work A  of the generalized force 
and the change in energy W  of the system will be 
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following [36]: 

 WА  , where RFR
R

W
W R




 . (9) 

 
Here the generalized force is the sum of the radial forces of all coils NFF RR 0 . 

We present the energy of the field distributed in the volume of the torus in the form of the product of 
dimensional quantities and dimensionless characteristic  iWk  ,1 : 
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The energy of the field (10) depends on both the large radius R  of the torus and the dimensionless 

parameters i ,1 , where only the first parameter 1  (the relative radial size of the cross-section of the torus) 
is also determined by the value of R . Hence the generalized radial force can be found as 
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The radial force RF  is distributed between the rings with some linear density  lfR , for which 

 
L

RR dllfF , where L  is the length of the generatrix torus with support rings. 

Let's obtained one feature, which is that the support requirement does not depend on the radius of the 
individual rings.  

We will assume that each elementary radial force from each coil NdlfR  (Fig. 3, a) is transmitted 

by a connecting element with a cross section sdS  (Fig. 3, b) to an elementary support ring of radius kR  with 

a cross-section kdS . Each connecting element is under compressive force and there are compressive stresses 

s . The elementary support ring is also subjected to compressive forces and the stresses k  take place in it. 

The volumes of structural material of all connecting elements sdV  and elementary support ring kdV  are 
 

 

       

 
.2

,

k
k

R
kkk

k
s

R
kss

dllf
dSdV

l
dllf

lNdSdV











 (12) 

 

 
   a    b    c 

Fig. 3 
 

dl 

(l)

fRdl/N 
Rk 

Rk 

 
z z 

A 

C 

B 

D 

E 

F 

H

R 



ISSN 1607-7970. Техн. електродинаміка. 2022. № 1                                                                                    7 

On condition the same compression stresses cks  , the total volume of the connecting 
elements and the elementary support ring are the following: 

 

 
    c

k

R
ks dVl

dllf
dVdV 


 . (13) 

 
Thus, on condition cks   the required volume of support structure does not depend on the 

radii of the support rings. It depends only on the radii from which the coils transmit forces to the support 
rings. For this reason, we will consider the support system when the support rings are located directly on the 
toroidal surface. 

When under the action of radial force the large radius of the torus is changed by the length R , each 
elementary ring is changed by R2  and in the ring there is a compressive force  ldTс . The ring is in 

compression stress  lc  and the compressive force appears      ldSlldT cc  , where the cross-section area 

of the elementary ring is    dllhldS  . The work of compressive forces of all rings will be the following 
 

       RFdllhlRRldTA R
L

c
L

c   22 , (14) 

or 
    

L
cR dllhlF 2 . (15) 

On the other hand, according to Hooke's law, the stresses in the rings are proportional to their 
relative deformation (the sign "–" corresponds to the compression stress). Using this law, from (15) we 
obtain the relation between the generalized force RF  and the virtual change of the large radius of the torus 

R  as follows: 

       
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Taking into account (16), as well as (10) and (11) we obtain the basic general relation between stress 

 lc , Young's modulus  lE  and geometric size (radius of the elementary ring)  l : 
 

 
   
       

   
 

1

1
22


































 L

W

W
L

R dl
l

lhlEk

kR

W

dlllhlE

F

lE

ll
. (17) 

 
As can be seen from (17), for chosen support system, the local value      lEll   does not depend 

on the coordinate l , i.e. each of the parameters is not independent. 
Another characteristic is important for the analysis of support systems. It concerns the distribution of 

radial forces along the generatrix torus  lfR . This distribution is easy to determine if we take into account 

that the radial force of the elementary ring cross-section is related with the compression force  ldTc : 
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Taking into account (16) the distribution of radial forces  lfR  will be 
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The found equations (17) and (19) are the main ones that allow to determine the support structure 
requirement. 

2. Support structure requirement for average stress 
Let us first consider the volume of support structure based on the average value of the compressive 

stresses  c  used in the virial theorem. 

By definition, the average value of compression stresses  c  in the volume cV  of support rings is 
 

 
     
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From (20) taking into account (17) the volume of the support system will be 
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Instead of the force RF  taking into account (10) and (11) we write the expression containing the 

energy of the field W  as the main characteristic of the energy storage 
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where the expression for the parameter   is written as 
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As follows from (22) and (23), the first factor in the dimensionless characteristic cQ  is determined 

by the geometry of the torus cross-section of the torus and the relative radial size  . The second factor   
depends on the mechanical properties of the material of the support rings, their thickness and location along 
the generatrix of the torus. It should be noted that in [32], in which the approaches of the virial theorem are 
applied to magnetic energy storage systems, the value is equal to one. This is a special case, in contrast to 
(23), when the support system, in particular, has a constant radius equal to the large radius of the torus. 

Two typical cases of the support elements location. 
The cases under consideration are typical because they provide a clear explanation of the influence 

of the support system location to the value of the parameter in expression (23). 
The first system contains only those support rings that are located at the points of the perimeter of 

the cross-section of the torus, which are closest to 
the vertical axis (the radius of support ring has 
minimum value). As an extreme case of support 
with small height, it is possible to consider a 
support system in the form of single ring of the 
smallest radius (Fig. 4, a). 

In this case, the thickness of the ring can 
be formally represented in the form      lhlh  0 , 

where  l  is the -Dirac function, and the 

coordinate l  is calculated from the location of the 
ring. Substituting this value in (23), we obtain the 
minimum value of the parameter   and, 
accordingly, the minimum value of the modulus of 
the function cQ , and therefore the minimum value 
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of the support structure for any selected shape of the torus cross-section: 
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If coils (the shape of the torus cross-section) of a circular shape are selected, then taking into account 

the expression for the parameter    2112 Wk  [27] the dimensionless characteristic cQ  takes the 
value: 
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Another example of the closest to the vertical axis location of the support system is a toroidal system 

with D-shaped coils (Fig. 5, a) [27, 29]. In this case, also  1 . For this system, the forces on the curved 
section of the coils are balanced, and the forces on the vertical section are uniformly distributed along the 
height of the support. Therefore, the support system can be performed not in the form of individual rings, but 
as a solid support cylinder. 

At a given value of the current of the D-shaped torus in [29] was found the energy of the magnetic 
field, whence the expression for the dimensionless characteristic Wk  can be written as following: 
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where  kI0
 and  kI1  are modified Bessel functions of the first kind of zero and first order, respectively; 
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k . Taking into account (26) from expression (24) we find the expression of the characteristic 
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The same result is found in the direct calculation of the support system, based on the value of the 

magnetic field pressure on the surface of the cylinder of known height. 
In the second extreme case (Fig. 4, b), the two support rings are located at the points of the torus 

surface for which   Rl  0 . Therefore, the corresponding characteristics, as follows from (23), will have the 
values obtained in [32]: 
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At any value of the 
relative radial size of the torus 
cross-section  , the value cQ  in 

(28) is always larger than in (24). 
In addition, the dependence on the 
parameter   can differ 
significantly. For example, for 
torus with circular cross-section 
equation (25) shows a decrease in 
magnitude cQ  with increase  . 

At the same time, at 1  from 

(28) it follows that the value cQ  

increases with increase  . 
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Let us analyze the value of the parameter   for different cases of the support rings location, for the 
distribution values of the Young's modulus of the rings, and for different distribution of the compressive 
stresses. 

Uniform compressive stress throughout the support system   const cc l  ( cc  ). 

In this case, as it follows from the general relation (17) the Young's modulus  lE  must be chosen 
different for the individual elements of the support system namely in proportion to the radius of the support 
rings  l : 

           
LR

dlllhlE
F

llE
1

2 .  (29) 

 
The equation (19) gives the following distribution of radial forces along the perimeter of the torus cross-
section within the length L : 
      

L
RR dllhlhFlf . (30) 

 
The multiplier   in this case of uniform compressive stresses takes on the value: 

       







 

LL

dllhRdlllh . (31) 

As can be seen from (31), the parameter   does not depend on the specific thickness of the rings 

 lh , it depends only on the distribution of the relative value of the thickness (for example, normalized to the 
maximum value). Note also that if the support rings are located on the side of the vertical axis of the torus, 
then   1 Rl  and consequently 1 . If the rings are located on the opposite side, where   Rl  , then 

1 . Obviously, the arrangement of the rings on both sides of the cross-section of the torus can give the 

value of the parameter 1 . 
A special case is the uniform distribution of radial forces along the vertical axis z , which is realized 

if the thickness of the rings is distributed according to the law   cos~lh , where   is the angle between 
the vertical axis and tangent to the generatrix torus (Fig. 3, b). In this case, as it follows from (30), 

HFf RR  , where  
L z

dzdlH cos  is the vertical size of the support system. This distribution is 

important because in the design of the support system, the coils often have a support in the form of a straight 
cylinder, in which there are no bending mechanical moments and there are only compressive stresses. The 
value of the factor   at   const lc  and   cos~lh  has a simple geometric interpretation. This factor is 

equal to the ratio of the planes, as shown in Fig. 3, c, AEFDABCD SS . 

An example of the support structure under condition    cos~,const lhc  is toroidal magnets with 
racetrack shaped coils (Fig. 5, b). Determination of the characteristics of such system, in particular, the 
structure requirement, was performed in [37] using direct calculation of electrodynamic forces. The feature 
of this toroidal storage design is that the elements of the support system under tensile forces are inside the 
toroidal volume. To implement this configuration, the curved sections outside the section with the support 
rings are balanced by choice of angle m . As a result, the support elements meet action only forces from the 

sections of the winding that support on the rings. The expression obtained in [37] for the characteristic cQ  is 
 

 

















1

1
ln)1()11()1(

sin)1()1(2

2

2
m

сQ , (32) 

 
where   rrHrH c 222  . Expression (32) is also in accordance with the results derived from the 

presented theoretical positions. It should be taken into account that for a balanced section the angle m  

depending on   is determined by the solution of the nonlinear algebraic equation: 
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 0
2

ctg
1

1
arctg

1

2
2














 





 m

m . (33) 

 
We give more the results for a special case of system with circular coils of radius r  (Fig. 6) and 

support system symmetrical about the horizontal plane at arbitrary value of the angle m . 

In this case, the general expression for the multiplier   looks like this: 

    


 
mm

dhdh
00

cos1 .   (34) 

The value   for the two characteristic distributions of the support 

rings thickness  h  will be as follows: 

1)   consth  – uniform thickness of the rings along the perimeter of 
the torus cross-section 

m

m





sin

1 ;    (35) 

2)    cos~h  – uniform distribution of electrodynamic forces along 
the axis z  

 





 





 m
m

m

sin2
4

1

2sin
1 .  (36) 

 
Support structure with the same value of the Young's modulus   constlE  for all rings  

In the case   constlE  from the general relation (17) it follows that the stresses are non-uniformly 

distributed along the generatrix of torus and they has the maximum value  lc  for the rings of the smallest 

radius  l : 

         


L

R
c dlllhl

F
l

2
. (37) 

 
The distribution of the radial forces along coordinate l , as it follows from (19), is 
 

    
     

1












 

L
RR dlllh

l

lh
Flf . (38) 

 
From (23) we receive the value of the parameter E  that is valid for the average value of compressive 

stresses and for   constlE : 

       







 

LL
E dlllhRdllh . (39) 

 
As before, we present the results for a torus with circular cross-section. The multiplier E , which 

depends on the thickness of the rings  h , for a support system symmetrical with respect to the horizontal 
plane, will be: 

      



mm

dhdhE
00

cos1 . (40) 

 
The values E  for the two typical thickness distribution  h  will be as follows: 

z 

h() 


m 
r 

R 

Fig. 6. 
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1)   consth :                            

1

2

2
tg

1

1
arctg21























 



 m
mE ;   (41) 

 

2)    cos~h :                    

1

2 2
tg

1

1
arctg

1

2
sin























 




 m

mmE .                          (42) 

 
The presented examples differ in the distribution of the compressive stresses, mechanical properties 

of the structural material, as well as specific distributions of the support rings thickness. It is advisable to 
compare them in terms of the structure requirement at given storage energy, comparing the dimensionless 
characteristics cQ . For circular coils the corresponding dependences of the characteristics cQ  on the angle 

m  that determines the size of the areas where the support rings are located are shown in Fig. 7, a and b for 
two values of the relative radial size of the torus: (a) – 3,0  and (b) – 6,0 . Solid curves refer to the 
case   constlE , dashed lines correspond constc . 

As can be seen from 
Fig. 7, for tori with a larger 
relative radial cross-sectional 
size the structure volume is 
smaller. The distribution of the 
rings thickness under the 
condition   cos~lh  i.e. 

  constzh  leads to smaller 
structure volume compared to 
the uniform thickness of the 
support rings.  

A smaller amount of 
material will be in the case of 
choosing the same material 
properties for all rings 

  constlE , and it would seem that such choice is more appropriate. Note, however, that the conclusion 

relates to the values found for the average stresses  c , and not taking into account the choice of material 
for the most mechanically stressed element of the support structure. 

3. Support structure requirement by the condition of maximum stresses 
In the case of   constlE  the greatest stress maxc  will be in the ring of the smallest radius min . 

That is, the stress in this ring determines the choice of mechanical property of the support structure. We find 
the expressions for the characteristics of the support system in this case and analyze them. 

The problem is to determine the volume of the support structure     
L

c dlllhV 2max , taking into 

account the expression     constminmax  cc ll  that follows from the general equation (17) at 

  constlE . To do this, in the integrand for the volume maxcV , we perform the substitution 

     llflh cR 2  that follows from (18): 
 

 
   
        








L

R
cL c

R
c dlllfdl

ll

llf
V 2

minmax

2

max

1
. (43) 

 
Taking into account (19) and (21) from (43) we obtain: 

         max
maxminmax

max c
cLLc

R
c Q

W
dlllhdlllh

F
V





  , (44) 
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where 

 maxmax 1 E
W

W
c

k

k
Q 











 ,            








 

LL
E dlllhRdlllh minmax . (45) 

 
The results are illustrated by an example of the circular cross-section torus (Fig. 6), for which the 

parameter maxE takes the form: 

           







 

 mm

dhRdhE
0

min
0

max cos1cos1 . (46) 

 
Again, consider the following two cases: 

1)   consth :                   
1

max 2
tg

1

1
arctg

1

1
2sin























 






 m
mmE ;           (47) 

 

2)    cos~h :     
1

max 2
tg

1

1
arctg

1

1
21sin2

4

1

2
sin























 




















 


 m
mm

m
mE .    (48) 

 
We will compare the dimensionless characteristics cQ , when choosing   varconst,  lEc  and 

  const,max  lEcc  (Fig. 8). As before, the results are given for two values of the relative radial size of 

the torus: (a) – 3.0  and (b) – 6.0 . Solid curves refer to the case   const,max  lEcc , dashed 

lines correspond   varconst,  lEc . 
The main difference 

between the dependencies in 
Fig. 8 from similar 
dependences in Fig. 7 is that 
the characteristics cQ  

associated with the choice of 
material for the maximum 
value of compressive stresses 

maxc  are significantly larger. 

In this case, a smaller volume 
of the support structure is 
achieved when constc . 
However, due to the difficulty 

of fulfilling the conditions constc  in practice, it is still more likely to choose the material by condition 

maxc . As follows from the presented results, it is more appropriate to distribute the cross-section of the 

support rings, when uniform distribution of compressive forces along the vertical axis occurs, i.e. 
     cos~const hzh . 

4. The total structure requirement of toroidal energy storage 
The total structural volume is the sum of the two main components. One of them is the volume of the 

support structure that receives electrodynamic compressive radial directed forces of the torus. Another 
component is structures that are subjected to tensile stresses (belt around the coils or spokes inside the 
toroidal volume). A direct calculation of this component for a number of toroidal systems shows that relation 
(6) 1 сt QQ  is valid for it. This relation is performed for tori with non-circular D-shaped coils and for 
tori with racetrack shaped coils (including circular coils) with spokes [37]. In both cases there is a 
distribution of the thickness of the support rings (cylinder) by condition   const,const  zhc . That is, 

0 30 60 m, degree 0.7 

0.8 

0.9 
h(l)=const 

h(z)=const 

|Qc| 

0 30 600.4

0.6

0.8

1
h(l)=const

h(z)=const

|Qc|

m, degree 
a  b
  Fig. 8 



14                                                                                             ISSN 1607-7970. Техн. електродинаміка. 2022. № 1 

relation (6) occurs not only in the special case of the support structure location, when 1 . It is valid for 

support structure when 1 . 
It should be noted that for structures with belts around the coils, the condition of constant tensile 

stresses is fulfilled not only for the system with D-shaped coils, which are characterized by constant tension 
along the perimeter of torus cross-section. For other configurations with variable tension, the belts can be 
made of variable cross-section, for which constt  and accordingly the volume of the belts material will 

also be minimal. Otherwise, the volume increases and inequality 1 сt QQ  occurs. 

We perform a comparison of different support structures on the basis of the general characteristic 

ct QQQ   for which condition (6) is valid. The Table shows the results of the calculation of the 

characteristic Q for a number of systems on condition constconst,  tc  for different values of the 

relative radial size of the torus cross-section  .  
 

As can be seen from the presented 
data, the distribution method of the support 
system location has the greatest influence on 
the total structural volumes. Structure with 
support elements on side of vertical axis 
require significantly less volume of support 
structure. The values for such support 
systems differ little. Moreover, the influence 
is appeared in a significantly different 
dependence of the value Q  on the relative 

radial size of the torus cross-section  . For 
structure with support elements on side of 
the vertical axis of the torus with increasing 
  the value Q  decreases, in contrast to the 

case where the support elements has the size of large radius of the torus. 
 
Conclusion. The generalization performed on the basis of the virial theorem with respect to any 

structure in compression for toroidal magnetic energy storage allows us to find specific expressions that, in 
contrast to existing one, take into account not only the configuration of windings but also the feature of 
support structure, the distribution of the cross-section areas of the support rings and the corresponding 
distribution of radial electrodynamic forces, and mechanical properties support elements too. 

The expression for the dimensionless characteristics of the components in compression and in 
tension included in the expressions of the virtual theorem for toroidal magnetic energy storage is valid not 
only in the case of equality of the radius of the support structure and the large radius of the torus, but in the 
more general case of arbitrary distribution of the radial forces along the perimeter of torus cross-section. 

On condition of identical compressive stresses in the support ring and in the connecting element the 
required volume of support structure does not depend on the radii of the support rings, it depends only on the 
radii from which the coils transmit forces to the support rings. Structures with support elements on side of 
vertical axis of torus require significantly smaller structural volume compare to the case where the support 
elements has the size of large radius of the torus. The uniform height distribution of radial forces leads to 
smaller support structure volume compared to the uniform thickness of the support rings. 

Further theoretical studies for a wider range of support structure with elements in tension stress will 
be able to answer the validity of the relation of the virtual theorem for dimensionless characteristics of 
toroidal magnetic systems. This will make it possible to reasonably indicate the minimum structure 
requirement, which can be approached in the development of toroidal magnetic energy storage. 

 
Роботу виконано за бюджетною темою «Розробити засоби підвищення ефективності систем 

електромеханічного перетворення енергії традиційними та відновлюваними джерелами» («Агрегат-2»), 
КПКВК 6541030. 

 
 

  
Circular 
coils with 
belts 

Circular 
coils with 
spokes 

D-shape 
coils with 
belts 

Racetrack 
shaped with 
spokes 

 

   
 

0.2 3.041 2.638 2.649 2.641 

0.4 3.182 2.338 2.362 2.344 

0.6 3.5 2.079 2.104 2.081 

0.8 4.333 1.836 1.838 1.821 
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ОБМЕЖЕННЯ ТЕОРЕМИ ВІРІАЛУ ДЛЯ ТОРОЇДАЛЬНОГО ІНДУКТИВНОГО НАКОПИЧУВАЧА, 
ЩО ОБУМОВЛЕНІ РОЗТАШУВАННЯМ ЕЛЕМЕНТІВ ОПОРНОЇ КОНСТРУКЦІЇ ТА ЇХНІМИ 
МЕХАНІЧНИМИ ВЛАСТИВОСТЯМИ 
 
Ю.М. Васецький, докт. техн. наук 
Інститут електродинаміки НАН України,  
пр. Перемоги, 56, Київ, 03057, Україна. 
E-mail:  yuriy.vasetsky@gmail.com  
На основі теореми віріала розглядається вплив на характеристики механічних опорних систем тороїдальних 
індуктивних накопичувачів енергії наступних факторів: конфігурації котушок тороїдального магнітного поля, 
розташування елементів опорної системи, що сприймають зусилля стиску, механічних властивостей 
конструкційного матеріалу, розподілу площ перерізу опорних кілець і відповідний розподіл радіальних 
електродинамічних сил. Встановлено, що об’єм конструкційного матеріалу залежить тільки від тих радіусів, 
з яких котушки передають зусилля на опорні кільця. Знайдено загальне співвідношення, яке, на відміну від 
існуючих, встановлює зв’язок між всіма параметрами, що впливають на об’єм матеріалу опорних 
конструкцій. Проаналізовано характеристики опорних систем для випадків однакових механічних напруг та 
однакових механічних властивостей матеріалу конструкцій. Знайдено характеристики для конкретних 
прикладів тороїдальних систем з круглими котушками. Показано, що системи з опорними елементами, 
розташованими на тороїдальній поверхні зі сторони вертикальної осі тора, мають значно менший об’єм 
конструкційного матеріалу порівняно з іншим розташуванням. Досліджено вплив на об’єм матеріалу 
відносного радіального розміру перетину тору та розподілу площ перетину опорних кілець вздовж периметру 
котушок. Відзначено зв’язок між безрозмірними характеристиками, що визначають кількість матеріалу 
елементів, що зазнають механічні напруги стиску і розтягнення. Бібл. 37, рис. 8, табл. 1. 
Key words: тороїдальні індуктивні накопичувачі енергії, теорема віріала, стискання опорних елементів, об’єм 
опорних конструкцій. 
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