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Based on the virial theorem, the influence of the following factors to characteristics of mechanical support systems of
toroidal magnetic energy storage is considered: the configuration of the coils, the support system elements location
under compressive forces, the mechanical properties of the material, the distribution of the cross-sectional areas of the
support rings and the corresponding distribution of radial forces. It is established that the volume of structure
requirement depends only on the radii from which the coils transmit forces to the support rings. The found general
relation, in contrast to the existing ones, establishes a relationship between all the parameters that determine the
volume of the support structures. The characteristics of support systems are analyzed both for identical mechanical
stresses and for identical mechanical properties of all support elements. The characteristics for specific examples of
toroidal systems with circular coils are found. It is shown that systems with support elements in compression located on
the side of the vertical axis of the torus have a significantly smaller volume of structure compared to other locations.
The influence of the relative radial size of the torus cross-section and the distribution of the cross-sectional areas of the
support rings on the structure requirement is analyzed. The relationship between dimensionless characteristics that
determine the volume of elements subjected to mechanical stresses of compression and tension is noted. References 37,
figures 8, table 1.
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Introduction. The success of the use of superconducting magnetic energy storage (SMES) in large-
scale fusion installations [1 - 3] leads to interest in their widespread use in various technical fields. The
advantage of the SMES compared to many other energy storage devices is related to the response speed to
perturbations [4]. However, the high cost of installations limits their widespread use in improving the quality
of electricity [5]. Reducing the cost, in particular, of its component associated with the support structures that
are affected by electrodynamic forces, is an urgent task.

SMES as a fast-acting means of regulated consumer/source of energy in electric power systems can
perform, in particular, the following functions: voltage and frequency stabilization [6 - 8]; increasing the
level of static and dynamic stability, as well as the survivability of power systems [9 - 12]; damping of
electromechanical oscillations and compensate the random oscillations of generation and power transmission
[13 - 15]; in smart grid systems and in systems with renewable energy sources to compensate for power
fluctuations [16 - 18]. The variety of tasks that can perform SMES, determines the appropriate choice, or
special development of the superconducting storage, which primarily relates to the geometric configuration
of its windings.

The value of the magnetic field energy stored in SMES for use in the power industry is in a fairly
wide range W=30+10" MJ. The maximum value is about an order of magnitude smaller than the value of the
stored energy of the largest to date under construction thermonuclear installation ITER W~10° MJ. For
SMES with a large accumulated magnetic field energy W>10°-10" MJ, the mass of the supporting structures
makes a significant contribution to the total number of materials of the magnetic system in addition to the
superconducting winding [19].

© Vasetsky Yu.M., 2022
*ORCID ID: https://orcid.org/0000-0002-4738-9872

ISSN 1607-7970. Texn. enexmpoounamira. 2022. Ne 1 3



There are several ways to reduce the total structural mass in toroidal energy storage. Reducing the
structural mass due to the redistribution of electrodynamic forces, but with the complication of the geometry
of the magnetic system and increasing stray fields [20], is achieved in helical toroidal windings [21 - 23], as
well as using toroidal systems with tilted coils of special configuration [24 - 26] ]. In toroidal systems with
flat coils without tilt, it is also possible to reduce the mass of the suppot system by choosing configurations
with constant stresses in the structural elements. These are toroidal systems with D-shaped coils [27 - 29],
which were studied primarily in the field of fusion, and devices with structural elements inside the toroidal
volume, which can be used for electric power applications [30, 31].

The volume (mass) of structures has limitations that set the lower limit of the required volume
(mass). General relations for the total structural masses of magnetic systems are formulated on the basis of
the Clausius virtual theorem [32] and written by Levy for electromagnetic systems [33]. According to the
theorem, the volume V' and, accordingly, the mass M =p) with the density p of unidirectionally stressed

structure satisfy the condition:

M=PVZT‘>, (D

where <G > is average stress.
If the part of the structure under tension V, is balanced by the structure under compression V, , then

w
: 2
<c>

V,-V.2

Volume ¥, can also be zero. An example of magnetic systems for which the compressive forces in

the supporting systems may be zero are helical toroidal systems or systems with tilted coils. For this case, the
total volume:
/4

<o >

V=V+V, 22V + 3)

is determined by only volume ¥, under tension.
In magnetic energy storage, part of the elements is in compression, and the other part is subjected to
tensile forces. In [32], for such systems, the corresponding volumes of stressed structures are presented as:

w w
: o, V.=

<o, > <o, >

Q. “4)

where dimensionless characteristics @, and (Q, are determined by dimensionless parameters that
characterize the configuration of the magnetic system. Here value Q, for structures under tension is positive
and value Q. is negative in compression one. This definition of the sign of the characteristics corresponds to

the positive values of tensile stresses and negative values of compressive stresses.
From the general statement valid for any configuration, current distribution and energy parts of
poloidal and toroidal fields,

0| +|0.|=1 (5)
it follows that the minimum value of the structure requirement is reached when
Q0 =-0.+1. (6)

For magnetic systems that have been built or designed, the minimum values were not achieved. The
values resulting from the virtual theorem and the corresponding values in the designed and implemented
magnetic systems can differ significantly [34]. However, the virtual theorem indicates a value that can be
approached and indicates the lower limit of the structure requirement, less than which can not be achieved.
Currently, based on the virial theorem, the structural limitations are compared both superconducting
magnetic energy storage (SMES) and other types of energy storage [35]. These circumstances determine the
relevance of research based on the general conditions of the theorem.

Expressions for the characteristics O, and Q. found in [32] under certain assumptions and are valid

in some cases of the support system. They not taking into account the location of the support elements and
the mechanical properties of the structures material. Since the volumes of structures under compression and
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tension are directly related by relation (6), consideration of only one component gives an answer to the value
of total structure requirement. So, the purpose of this work is to find for toroidal magnetic storage, based on
the general statements, the characteristics of support systems which are subject to compression forces, and to
study the influence of geometric configuration of toroidal magnetic field coils, the location of elements of
support structure, mechanical material properties.

1. Mathematic model. Basic relation for the support system.

We assume that the winding consists of a large number of coils. In this case, the winding can be
represented as a current surface of an infinite number of current filaments (Fig. 1). The toroidal configuration
is characterized by a large radius of the torus, which is defined as average value between the smallest p; and
the largest p, radii of the toroidal surface R=(p, + p;)/2. The geometry of the torus cross-section will be

A characterized by dimensionless parameters €,,¢;, where the first parameter
determines the relative radial size of the cross-section  torus
dp=todl g, =e¢=r/R= (p , — Py )/ 2R, and other dimensionless parameters determine
/ dl the shape of the torus cross-section and do not depend on the large radius
. e-nr

®B p The magnetic field B created by the current / = [N of all coils N
is concentrated only inside the torus and is directed in the azimuthal direction

along a single vector e_:

PLIN ’
- R =tV (7)

P2 2mp "
Fig. 1

The linear density of electrodynamic forces acting to the current of
each coil is

f=Lr =Ml (6)
2 4mp

Since the density of electrodynamic forces along the perimeter of each coil increases as it approaches
to the vertical axis of the torus, the forces are unbalanced and the resultant force F,, :j fodl = Fy e, is
!
directed in the radial direction to the vertical axis.
Radial directed forces act to the elements of the support structure, which in this case can be
represented as a dense system of a large number of rings located on the generatrix torus (Fig. 2, a). In this
case, all characteristics (ring thickness A(/), Young's modulus of the ring material E(l), stresses o(l)) will

be represented as continuous functions of length along the perimeter of torus cross-section calculated from
the starting point.

To determine the required volume of the
zt supporting structure, we will use the model of virtual
work 84 of forces with a virtual change of the
generalized coordinate, in this case the large radius of
the torus R, and the associated virtual change of
magnetic field energy 6W . All other generalized
coordinates that characterize the state of the system
are considered constant, i.e. the geometry of the coils
(cross-section of the torus) does not change. The
projection of radial forces on the radial direction is
negative and it leads to compression of the supporting
structures. For this reason, in Fig. 2, b the virtual
change —OR are shown as negative value.

Since the current at elementary movement

a b OR remains unchanged, the corresponding relation
Fig. 2 between the virtual work 64 of the generalized force

and the change in energy 6W of the system will be

A
upport rings

Winding R

A
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following [36]:

04 =38W , where 6W=%—Z§R=FR8R. )

Here the generalized force is the sum of the radial forces of all coils F}, = F, N .

We present the energy of the field distributed in the volume of the torus in the form of the product of
dimensional quantities and dimensionless characteristic &, (¢, , €, ):

2 I’R
W:jB ay =
v 21, 4

ky (g1, €,)- (10)

The energy of the field (10) depends on both the large radius R of the torus and the dimensionless
parameters €,,¢€,, where only the first parameter €, (the relative radial size of the cross-section of the torus)

is also determined by the value of R . Hence the generalized radial force can be found as

an_WZHO_ﬁk & Oy (11)
R 4 "\ Kk, 08 )

The radial force F, is distributed between the rings with some linear density f,(/), for which

F,= I fr (l )dl , where L is the length of the generatrix torus with support rings.
L

Let's obtained one feature, which is that the support requirement does not depend on the radius of the
individual rings.

We will assume that each elementary radial force from each coil f,dl/N (Fig. 3, a) is transmitted
by a connecting element with a cross section dS, (Fig. 3, b) to an elementary support ring of radius R, with
a cross-section dS, . Each connecting element is under compressive force and there are compressive stresses
o, . The elementary support ring is also subjected to compressive forces and the stresses o, take place in it.

The volumes of structural material of all connecting elements dV, and elementary support ring dV, are

\)

av, = s, [p(0)- p )= 2D o),

o,
’ (12)
dV, =2np,dsS, = fR(l)dl Pr-
Oy
zZ A z 4
p()) =
frdl/N
RS
" NN dl
Ry
a b C
Fig. 3
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On condition the same compression stresses o, =c, =c,, the total volume of the connecting
elements and the elementary support ring are the following:

dv, +de:fR(l)de(l)=dV. (13)

C
Gy

Thus, on condition o, =, =c, the required volume of support structure does not depend on the

radii of the support rings. It depends only on the radii from which the coils transmit forces to the support
rings. For this reason, we will consider the support system when the support rings are located directly on the
toroidal surface.

When under the action of radial force the large radius of the torus is changed by the length SR, each
elementary ring is changed by 2ndR and in the ring there is a compressive force d7, (l ) The ring is in

compression stress (/) and the compressive force appears d7.(I)=o,(/)dS(I), where the cross-section area
of the elementary ring is dS (Z ) = h(l )dl . The work of compressive forces of all rings will be the following

84 = [dT,(1)2n3R =2n8R[ o (1)h(1)dl = F,3R., (14)
L L

or
Fp=2n[o, ()h()dl . (15)

On the other hand, according to Hooke's law, the stresses in the rings are proportional to their
relative deformation (the sign "-" corresponds to the compression stress). Using this law, from (15) we
obtain the relation between the generalized force F, and the virtual change of the large radius of the torus
OR as follows:

F R

o { EOn(0)p()dl

SR = (16)

Taking into account (16), as well as (10) and (11) we obtain the basic general relation between stress
o,(1), Young's modulus E(/) and geometric size (radius of the elementary ring) p(/):

o()plt) Fy id (1 _ia"_wJ{ | E(I)h(l)dl}l . (17)

EQ)  2n[EQnQ)p0)al ~ 27R\ K, e

L p(l)

As can be seen from (17), for chosen support system, the local value o(/)p(/)/E(/) does not depend

on the coordinate /, i.e. each of the parameters is not independent.
Another characteristic is important for the analysis of support systems. It concerns the distribution of
radial forces along the generatrix torus f, (/). This distribution is easy to determine if we take into account

that the radial force of the elementary ring cross-section is related with the compression force d7,(/):

fol0)dl = 2rdT (1) = 2no, (1)a(1)dl = 2nSR E(n )dl . (18)

p(7)

Taking into account (16) the distribution of radial forces f, (/) will be

[ E( )h(l)dl}l : (19)
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The found equations (17) and (19) are the main ones that allow to determine the support structure
requirement.

2. Support structure requirement for average stress

Let us first consider the volume of support structure based on the average value of the compressive
stresses <o, > used in the virial theorem.

By definition, the average value of compression stresses <o, > in the volume V, of support rings is

[o.dV  [o. (12rp(l)n(1)dl

<o, >==& = ) 20
¢ ” (20)

c c

From (20) taking into account (17) the volume of the support system will be

[o. (12mp(1)n(t)d! [E@)n(1)al
vV =L R L

‘ <s.> <o, > { EOn(Q)p()dl”

21

c

Instead of the force F, taking into account (10) and (11) we write the expression containing the
energy of the field W as the main characteristic of the energy storage

<o, > <o, > k, oOe

where the expression for the parameter  is written as

y= { E()n(1)dl / [R { E(l)h(l)/p(l)dl} : (23)

As follows from (22) and (23), the first factor in the dimensionless characteristic Q. is determined
by the geometry of the torus cross-section of the torus and the relative radial size €. The second factor

depends on the mechanical properties of the material of the support rings, their thickness and location along
the generatrix of the torus. It should be noted that in [32], in which the approaches of the virial theorem are
applied to magnetic energy storage systems, the value is equal to one. This is a special case, in contrast to
(23), when the support system, in particular, has a constant radius equal to the large radius of the torus.

Two typical cases of the support elements location.

The cases under consideration are typical because they provide a clear explanation of the influence
of the support system location to the value of the parameter in expression (23).
The first system contains only those support rings that are located at the points of the perimeter of

the cross-section of the torus, which are closest to
z # the vertical axis (the radius of support ring has
minimum value). As an extreme case of support
with small height, it is possible to consider a
support system in the form of single ring of the
»  smallest radius (Fig. 4, a).

p p In this case, the thickness of the ring can
be formally represented in the form (/)= h(0)3(7),

where 8(/) is the &-Dirac function, and the

R(1-¢) R coordinate / is calculated from the location of the
R ring. Substituting this value in (23), we obtain the
< a > b minimum value of the parameter W and,

Fig. 4 accordingly, the minimum value of the modulus of

the function Q_, and therefore the minimum value
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of the support structure for any selected shape of the torus cross-section:
w=p(°)=1—8’Qc=( _iaaﬂJ(l—s)- (24)

If coils (the shape of the torus cross-section) of a circular shape are selected, then taking into account
the expression for the parameter k, (¢)= 2(1—\/1—82) [27] the dimensionless characteristic Q. takes the

value:
€ Oky |\ N_ | 1 o |1-e
QC_[ _kW Ot j(l 8)_ [Vl—gzj(l 8) 1+8. (25)

Another example of the closest to the vertical axis location of the support system is a toroidal system
with D-shaped coils (Fig. 5, a) [27, 29]. In this case, also y =1—¢ . For this system, the forces on the curved

section of the coils are balanced, and the forces on the vertical section are uniformly distributed along the
height of the support. Therefore, the support system can be performed not in the form of individual rings, but
as a solid support cylinder.

At a given value of the current of the D-shaped torus in [29] was found the energy of the magnetic
field, whence the expression for the dimensionless characteristic &, can be written as following:

ky =2k*\1—¢? {Io(k)+%11 (k)} : (26)
where 1,(k) and I,(k) are modified Bessel functions of the first kind of zero and first order, respectively;

k= lIn(“——gJ . Taking into account (26) from expression (24) we find the expression of the characteristic

l-¢
0.

0. {k—nkﬁ((’;ﬂ_l. 27)

The same result is found in the direct calculation of the support system, based on the value of the
magnetic field pressure on the surface of the cylinder of known height.

In the second extreme case (Fig. 4, b), the two support rings are located at the points of the torus
surface for which p(/,)= R . Therefore, the corresponding characteristics, as follows from (23), will have the

values obtained in [32]:

0 e Ok
(U O PO 2. | (28)
R k, Oe
) At any value of the
A z  Support rings relative radial size of the torus
7— J cross-section ¢, the value |QC| in
( Q (28) is always larger than in (24).
N In addition, the dependence on the
— f 0 p
e le— T — a— 7 parameter € can differ
/ s » |H significantly. For example, for
Support — p c;lﬁgder Pl torus with circular cross-section
cylinder — T RS— equation (25) shows a decrease in
— j§ Y r magnitude |Q.| with increase €.
A—ﬂ At the same time, at y =1 from
R R Winding (28) it follows that the value |Q.
—> < » ¢
a b increases with increase € .
Fig. 5.
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Let us analyze the value of the parameter y for different cases of the support rings location, for the

distribution values of the Young's modulus of the rings, and for different distribution of the compressive
stresses.
Uniform compressive stress throughout the support system G, (Z ) =c,=const (<o, >=0,).

In this case, as it follows from the general relation (17) the Young's modulus E(/) must be chosen
different for the individual elements of the support system namely in proportion to the radius of the support
rings p(/):

E(l)= 2np(1)FL [E@D(1)/p(t)al . (29)

R L
The equation (19) gives the following distribution of radial forces along the perimeter of the torus cross-

section within the length L:
=F, h(l)/ [h(t)dt . (30)
L

The multiplier y =y in this case of uniform compressive stresses takes on the value:

v, = { (1 )p(1)al / {R { h(l)dz] (31)

As can be seen from (31), the parameter y_ does not depend on the specific thickness of the rings
h(l ) , it depends only on the distribution of the relative value of the thickness (for example, normalized to the
maximum value). Note also that if the support rings are located on the side of the vertical axis of the torus,
then p(l)/ R <1 and consequently y_ <1. If the rings are located on the opposite side, where p(l)> R, then
y_ >1. Obviously, the arrangement of the rings on both sides of the cross-section of the torus can give the
value of the parameter y_ =1.

A special case is the uniform distribution of radial forces along the vertical axis z, which is realized
if the thickness of the rings is distributed according to the law h(l)~ cosa, where a is the angle between

the vertical axis and tangent to the generatrix torus (Fig. 3, b). In this case, as it follows from (30),
fr=Fy/H, where H =fcos0tdl =jdz is the vertical size of the support system. This distribution is
L

important because in the design of the support system, the coils often have a support in the form of a straight
cylinder, in which there are no bending mechanical moments and there are only compressive stresses. The
value of the factor y_ at o (/)=const and /(/)~ cosa has a simple geometric interpretation. This factor is
equal to the ratio of the planes, as shown in Fig. 3, ¢, W, =S 50p/S s -

An example of the support structure under condition o, = const, 4(/)~ cosa is toroidal magnets with

racetrack shaped coils (Fig. 5, b). Determination of the characteristics of such system, in particular, the
structure requirement, was performed in [37] using direct calculation of electrodynamic forces. The feature
of this toroidal storage design is that the elements of the support system under tensile forces are inside the
toroidal volume. To implement this configuration, the curved sections outside the section with the support
rings are balanced by choice of angle 0, . As a result, the support elements meet action only forces from the

sections of the winding that support on the rings. The expression obtained in [37] for the characteristic Q, is

2e’(A—1)+&(1+¢)sin@,,

(1+s)[n(1 VI—g2)+e(h— 1)1nl+‘j

0.= (32)

where A =H/2r=(H, +2r)/2r . Expression (32) is also in accordance with the results derived from the
presented theoretical positions. It should be taken into account that for a balanced section the angle 0,
depending on ¢ is determined by the solution of the nonlinear algebraic equation:
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2 lI-¢ 9
n—-0, - arctg ctg—|=0. (33)
1-g2 l+¢ 2

We give more the results for a special case of system with circular coils of radius » (Fig. 6) and
support system symmetrical about the horizontal plane at arbitrary value of the angle 0, .

In this case, the general expression for the multiplier vy looks like this:

A 0,, 0,
: v, = | h(6)1-gcos6)db / [h(6)d6 . (34)
0 0
0., The value y, for the two characteristic distributions of the support
5 ! rings thickness A(0) will be as follows:
h(0) E 1) h(@): const — uniform thickness of the rings along the perimeter of
the torus cross-section
sin@,,
L R N Yo = 1-¢ em ’ (35)
Fig. 6. 2) h(9)~ cos® — uniform distribution of electrodynamic forces along
the axis z
e (0O 1
=1- %+ —sin20, |. 36
Vo sinf,, ( 2 4 '"j (36)

Support structure with the same value of the Young's modulus E (l ) =const for all rings
In the case E (l )= const from the general relation (17) it follows that the stresses are non-uniformly
distributed along the generatrix of torus and they has the maximum value G, (Z ) for the rings of the smallest
radius p(7):
F
c.(l)= £ : (37)
2mp(1)[ (1) p(t)al

L

The distribution of the radial forces along coordinate /, as it follows from (19), is

foll)=Fy %{I h(l)/p(l)dl]l- (38)

From (23) we receive the value of the parameter y =, that is valid for the average value of compressive
stresses and for E(/)=const :

W, = { h(1)dl / [R { h(l)/p(l)dl}. (39)

As before, we present the results for a torus with circular cross-section. The multiplier v, which
depends on the thickness of the rings h(e), for a support system symmetrical with respect to the horizontal
plane, will be:

v, = 1‘" 1(0)do / efh(@))/(l —£c0s0)d0 . (40)

The values v, for the two typical thickness distribution 4(0) will be as follows:
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-1
1) ()= const : v, =0,J1-¢ {2arctg( 1+—(C"Eg O, H ; (41)

1-¢ 2

-1
2) h(9)~ cosO: Y, =¢sinf, | -0, + 2 arctg ‘/H—Stge—’” . (42)
1-¢g2 l1-¢ ~ 2

The presented examples differ in the distribution of the compressive stresses, mechanical properties
of the structural material, as well as specific distributions of the support rings thickness. It is advisable to
compare them in terms of the structure requirement at given storage energy, comparing the dimensionless
characteristics .. For circular coils the corresponding dependences of the characteristics O, on the angle

0,, that determines the size of the areas where the support rings are located are shown in Fig. 7, a and b for
two values of the relative radial size of the torus: (a) — €=0,3 and (b) — €=0,6. Solid curves refer to the
case E(/)=const, dashed lines correspond &, = const .

As can be seen from
0. O] Fig. 7, for tori with a larger
h(ly=const // relative radial cross-sectional
size the structure volume is
smaller. The distribution of the
rings thickness under the
condition  A(/)~cos® ie.

h(ly=const /

0.8

h(z)=const

0.75 0.6 h(z)=const leads to smaller

structure volume compared to

h(z)=const the uniform thickness of the

0.7 05 support rings.
0 30 60 6, degree 0 30 60 0,,, degree A smaller amount of
a b material will be in the case of
Fig. 7 choosing the same material

properties  for all  rings
E(l)z const, and it would seem that such choice is more appropriate. Note, however, that the conclusion
relates to the values found for the average stresses <o, >, and not taking into account the choice of material
for the most mechanically stressed element of the support structure.

3. Support structure requirement by the condition of maximum stresses
In the case of E(/)=const the greatest stress & will be in the ring of the smallest radius p,, .

That is, the stress in this ring determines the choice of mechanical property of the support structure. We find
the expressions for the characteristics of the support system in this case and analyze them.
The problem is to determine the volume of the support structure V, . = J'2Tth(l )o(0)dl , taking into
L

account the expression o, (/)p(/)=0 =const that follows from the general equation (17) at

c maxpmin

E(l)=const. To do this, in the integrand for the volume V,

max» W€ perform the substitution
21h(l)= f,(1)/5. (1) that follows from (18):

Np*(1) !
V. = R( dl = Dp*(1)dl . 43
=L 06 o 1 F P .
Taking into account (19) and (21) from (43) we obtain:
F, w
Ve = =2 [h{1)p(t)al /J 1)/ p()dl = ———0, s (44)
cmaxM min L L ¢ max
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where

O - [1—iak—ijm, W = [HOp) / [Rpmwz)/p(z)dz] @)

k, Oe

The results are illustrated by an example of the circular cross-section torus (Fig. 6), for which the
parameter . . takes the form:

0

N e!"’(1 — £c0s0)h(0)d0 / {(pmm /R) [ h(8)/(1-gcos e)de} . (46)

0

Again, consider the following two cases:

-1
1) h(e)zconst: W max =(6m —¢sinb,, 21/1_—8 arctg H—gtgei ; 47)
I+¢ l-¢ 2
-1
2) h(B)~cosB: ., =€ sinbd, —¢ 6—’”+lsin29m —(1-¢)p,, +21/1_—8 arctg 1Jr—gtge—’” . (48)
2 4 1+¢ 1-¢ 2

We will compare the dimensionless characteristics 0., when choosing &, =const, E(/)=var and
G.=0C,....E (Z ) =const (Fig. 8). As before, the results are given for two values of the relative radial size of

the torus: (@) — €=0.3 and (b) — €=0.6. Solid curves refer to the case ¢, =0_,,., E(l)zconst, dashed

lines correspond o, = const, E(/)= var.
The main difference

1Ol O] between the dependencies in
Fig. 8 from similar

1 _ dependences in Fig. 7 is that

0.9 hly=cqust the  characteristics 0.
0.8 associated with the choice of

0.8 material for the maximum
: 0.6 value of compressive stresses
: — G, are significantly larger.

h(z)=const h(z)=const .

07 0.4 In this case, a smaller volume
0 30 60 0, degree V-7 30 600, degree  of the support structure is
a b achieved when o, =const.

Fig. 8

However, due to the difficulty
of fulfilling the conditions c, =const in practice, it is still more likely to choose the material by condition

o, . As follows from the presented results, it is more appropriate to distribute the cross-section of the

support rings, when uniform distribution of compressive forces along the vertical axis occurs, i.e.
h(z)=const — h(6)~ cosH.

4. The total structure requirement of toroidal energy storage

The total structural volume is the sum of the two main components. One of them is the volume of the
support structure that receives electrodynamic compressive radial directed forces of the torus. Another
component is structures that are subjected to tensile stresses (belt around the coils or spokes inside the
toroidal volume). A direct calculation of this component for a number of toroidal systems shows that relation
(6) O, =-0, +1 is valid for it. This relation is performed for tori with non-circular D-shaped coils and for
tori with racetrack shaped coils (including circular coils) with spokes [37]. In both cases there is a
distribution of the thickness of the support rings (cylinder) by condition o, = const, h(z)z const. That is,
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relation (6) occurs not only in the special case of the support structure location, when y =1. It is valid for
support structure when y #1.

It should be noted that for structures with belts around the coils, the condition of constant tensile
stresses is fulfilled not only for the system with D-shaped coils, which are characterized by constant tension
along the perimeter of torus cross-section. For other configurations with variable tension, the belts can be
made of variable cross-section, for which o, =const and accordingly the volume of the belts material will
also be minimal. Otherwise, the volume increases and inequality Q, > |QC| +1 occurs.

We perform a comparison of different support structures on the basis of the general characteristic
Q=|Q,|+ Q.| for which condition (6) is valid. The Table shows the results of the calculation of the

characteristic O for a number of systems on condition &, =const, ¢, =const for different values of the

relative radial size of the torus cross-section ¢ .

As can be seen from the presented

Circular Circular | D-shape | Racetrack data, the distribution method of the support

& Eoﬁs with COIIE with lc)oﬂs with Shaied with | svstem location has the greatest influence on
= Spokes LS SPOXes the total structural volumes. Structure with
support elements on side of vertical axis

= require significantly less volume of support

q& @ structure. The values for such support

systems differ little. Moreover, the influence

is appeared in a significantly different

0.2 3.041 2.638 2.649 2.641 dependence of the value Q on the relative
0.4 3.182 2.338 2.362 2.344 radial size of the torus cross-section ¢. For
06 35 2079 5 104 2081 structurc? Wlth'support elemenFs on s1de'of
the vertical axis of the torus with increasing

0.8 4.333 1.836 1.838 1.821 ¢ the value Q decreases, in contrast to the

case where the support elements has the size of large radius of the torus.

Conclusion. The generalization performed on the basis of the virial theorem with respect to any
structure in compression for toroidal magnetic energy storage allows us to find specific expressions that, in
contrast to existing one, take into account not only the configuration of windings but also the feature of
support structure, the distribution of the cross-section areas of the support rings and the corresponding
distribution of radial electrodynamic forces, and mechanical properties support elements too.

The expression for the dimensionless characteristics of the components in compression and in
tension included in the expressions of the virtual theorem for toroidal magnetic energy storage is valid not
only in the case of equality of the radius of the support structure and the large radius of the torus, but in the
more general case of arbitrary distribution of the radial forces along the perimeter of torus cross-section.

On condition of identical compressive stresses in the support ring and in the connecting element the
required volume of support structure does not depend on the radii of the support rings, it depends only on the
radii from which the coils transmit forces to the support rings. Structures with support elements on side of
vertical axis of torus require significantly smaller structural volume compare to the case where the support
elements has the size of large radius of the torus. The uniform height distribution of radial forces leads to
smaller support structure volume compared to the uniform thickness of the support rings.

Further theoretical studies for a wider range of support structure with elements in tension stress will
be able to answer the validity of the relation of the virtual theorem for dimensionless characteristics of
toroidal magnetic systems. This will make it possible to reasonably indicate the minimum structure
requirement, which can be approached in the development of toroidal magnetic energy storage.

Pobomy euxonano 3a 6r0xcemnoro memoro «Pospobumu 3acobu niosuwenns egexmusnocmi cucmem
eIeKMPOMEXAHIUHO20 NepPemeopeHHs eHepii mpaouyitiHumu ma BIOHO6MI08AHUMY  Odicepenamuy («Aepecam-2»),
KIIKBK 6541030.
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OBMEXEHHSA TEOPEMM BIPIAJTY JIJISI TOPOIJIAJIBHOI'O IHAYKTUBHOI'O HAKOIIMYYBAYA,
IO OBYMOBJIEHI PO3TAIIYBAHHSAM EJIEMEHTIB OITOPHOI KOHCTPYKIII TA IXHIMHA
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Ha ocnosi meopemu gipiana posenadaemscs 6n1U8 HA XAPAKMEPUCUKY MEXAHIYHUX ONOPHUX CUCHEM MOPOIiOanIbHUX
IHOYKMUBHUX HAKONUYYBAYIE eHep2li HaCMYRHUX (paxmopig: Kougicypayii KOmyuwox mopoioaibHo20 MazHIMHO20 NoJis,
PO3MAWYBAHHA  eJleMeHMi8 ONOPHOI cucmemu, Wo CHPUUMAIOMsb 3YCULIA CMUCKY, MEXAHIYHUX elacmusocmel
KOHCMPYKYIUHO20 Mamepiany, po3nodinly nIow nepepizy ONOPHUX Kileyb i GiON0GIOHUL pO3N00iN paodialbHUX
eneKxmpoOuHamiunux cui. Becmanoeneno, wo 06’em KOHCMPYKYIIHO20 Mamepiay 3a1exicums milbku 6i0 mux paoiycis,
3 SAKUX KOMYWKU Nepedaioms 3YCULIsl HA ONOpHI Kiibys. 3HANOeHO 3a2aibHe CNI6BIOHOWLeHHS, sIKe, HA GIOMIHY 6i0
ICHYIOUUX, BCMAHOBNIOE 38 30K MIJC 6CIMA NApAMempaMu, W0 GNIUGAI0OMb HaA 00’cm Mmamepiany ONOPHUX
KoHcmpykyii. Tlpoananizosano xapaxmepucmuxy ONOpHUX cucmem Ois UNAOKI6 0OHAKOBUX MEXAHIYHUX Hanpyz ma
O00HAKOBUX MEXAHIYHUX 6IACMUBOCMEl Mamepianry KOHCmpyKyiu. 3uatideno xapaxmepucmuku Ons KOHKPEMHUX
NpUKIA0ie MopoioanbHux cucmem 3 Kpyenumu xomywxamu. Iloxkaszano, wo cucmemu 3 ONOPHUMU eleMEHMAMU,
PO3MAUIOBAHUMU HA MOPOIOANbHIL NOGEPXHI 3i CMOPOHU BEPMUKAILHOI OCI mMopa, Marms 3HAYHO MeHwull 06’em
KOHCMPYKYIUHO20 Mamepiany HNOPIGHAHO 3 IHwuUM posmauty8anHam. Jlocniodceno enaue Ha 00°em mamepiany
BIOHOCH020 pAdianbHO20 PO3MIPY NepemuHy mopy ma po3nooiny niow nepemuHy onopHux Kineyb 8300834 nepumempy
Komywox. Biosnaueno 38’°a30Kk midxc 6e3pO3MIpHUMU XAPAKMEPUCUKAMU, WO BUSHAUAIOMb KINbKiCMb mamepiany
eleMeHmi6, Wo 3a3Hal0mb MexXaniuni nanpyeu cmucky i posmsenenns. bion. 37, puc. 8, Tadmn. 1.

Key words: topoinanpHi iHIYKTHBHI HAKOIMYyBadi €HEprii, TeopeMa Bipiaia, CTHCKAaHHS OMOPHHX €IEMEHTIB, 06’ eM
ONOPHHUX KOHCTPYKIIH.
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