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The influence of the non-uniformity of the external field to its distribution on the surface of the conducting half-space is
investigated on the basis of exact analytical and approximate asymptotic calculation methods of an arbitrary three-
dimensional electromagnetic field. The function that generalizes the impedance boundary condition for diffusion of
non-uniform field into conducting body is proposed. On the basis of calculations results comparison by exact and
approximate methods for concrete model of electromagnetic system the admissible value of the upper limit of the
introduced small parameter is established. References 10, figures 5.
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Introduction. In the case of high-speed pulse or high-frequency processes there is a strong skin
effect in the conducting elements of electromagnetic devices, in which the current and electromagnetic field
are concentrated in a thin surface layer. In this paper, sinusoidal electromagnetic fields are considered in the
quasi-stationary approximation, when wave processes can be neglected [1, 2]. Under such limitations,
simplified approaches are widely used to solve specific problems and develop appropriate numerical
calculation methods [3, 4]. Despite the long history of development, the study of the electromagnetic field
with strong skin effect remains an urgent task.

Features of electromagnetic field penetration into conducting body, including its surface distribution,
depend not only on electrical conductivity, relative magnetic permeability of the medium and field
frequency, but also on geometry of boundary surfaces and features of field distribution of external sources
near the surface.

For a body with ideal conductivity, the depth of field penetration & =4/2/ 1 OUH,Y ) goes to zero 6—0.

Here p is relative magnetic permeability, v is specific electrical conductivity, o is cyclic field frequency. In
this case, it is sufficient to use a mathematical model in which the tangential component of the electric field
intensity and the normal component of the magnetic field intensity are equal to zero on the surface of the
conducting body E_=0, H, =0 (Fig. 1) [5]. The finite, but significantly smaller penetration depth of field
compared to the size of the body and the nonzero value of the electric field intensity are taken into account in
an approximate mathematical model using the concept of impedance boundary condition formulated by
M. Leontovich [6, 7]. It is assumed that the local electromagnetic field penetrates into the metal body in the
same way as a uniform field penetrates to the conducting half-space (Fig. 2). Moreover, the magnitude of the
magnetic field tangential to the body surface H = H, H(z = O) is determined from the independent solution of

the external problem under the condition H, = H, =0. The field vectors at the boundary are connected by

the impedance boundary condition:
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where ¢ = p/y=\lioup,y /y is the effective surface impedance. In this model representation, the tangent
component to the surface of the half-space H = H H(z = 0) is equal to twice value of the tangent component
of the magnetic field of external sources H, H(z = 0) =2H, [8].

Detailed review of research on the use of the concept of surface impedance in the modeling of
electrodynamics problems is presented, in particular, in [3, 9]. At the same time, in most of the cited papers,
mathematical models of the diffusion of non-uniform electromagnetic field are limited of a small value of
penetration depth or insignificant field non-uniformity at the body surface.
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The researches on the analytical solution of a three-dimensional problem for an electromagnetic field
near conducting half-space, which does not contain restrictions on the configuration of the external field,
electrophysical properties of media and field frequency are systematized in [8]. The results made it possible
to generalize the concept of a strong skin effect to the case of diffusion of non-uniform electromagnetic field
into conducting body. The skin effect can be considered as strong, when the penetration depth of the field 6
is small compared to the characteristic dimensions not only of the conducting body but also of the entire
electromagnetic system, including distances » from external field sources to the boundary surface of the
body. Introduction the appropriate quantitative parameter ¢, = MS/ (\/Er]) makes it possible to find an
approximate solution of the problem and analyze the resulting errors. Here 7 is the distance between the
observation point in the dielectric region and the point of the external field source mirror reflected from the
interface of the media.

The aim of the work is to generalize the concept of impedance boundary condition for strong skin
effect in the case of diffusion of non-uniform electromagnetic field into conducting half-space and study the
resulting error of the approximate asymptotic calculation method for a particular model of electromagnetic
system.

Asymptotic solution of the problem for non-uniform electromagnetic field and generalized
impedance boundary condition.

When the parameter g, is small g <1, the exact expressions for the three-dimensional
electromagnetic field can be simplified and the solution can be represented in the form of asymptotic series
expansion of potentials and field intensities [8]. At the interface of the media in the dielectric region z=0,
where the parameter &, =¢ takes the largest value, the complex-value amplitudes of electric E = EH +E i

and magnetic H = H, |+ H | field intensities are determined by the magnitude of the external magnetic field

H,=H ot H,, and its derivatives with respect to the coordinate z :
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Here a, (u) are the Taylor series coefficients of the function
-1 »

[X/ \/; +4/1+ (x/ (u\/; ))Z} =>a, (u)(x/ \/; y , [ 1s imaginary unit. The first several expansion coefficients in
=0

the power series of the function have the values a, =1,a, =-1,4a, =1 —1/(2p2 ), ..., it is accepted a., =—1; 7,

is distance # for points on the surface.

From the series (2) and (3) it is seen that the approximate Leontovich’s impedance boundary
condition (1) is valid only for the first two terms. The deviation takes place starting with n =2 i.e. with term

of the series proportional €° to which EH2 = [1 -1/ (Zuz)]gez X Huz . Hence, the generalized impedance boundary

condition, which connects the field intensities on the interface z =0 and is not limited to the first two terms
of the series, can be represented as follows:

. . ) N c n " a(”) .
T=E,—cH, :ng(an +a,, NI xHy o ®)
- z=0

where the summation begins from n=2. As follows from (5), the first nonzero term of the series of
functions T is proportional to €, and the argument of complex-value amplitude 7' is equal to — /4

. 1 \e* | ,0? :
T~ 2|g|(1—2—w]${r02 gez xHq}H)

From series (4) it is seen that the fulfillment of another condition in the model of the ideal skin effect
about the equality of zero normal to the surface component of the magnetic field strength is more rigid. It is
performed only for the zero term of the asymptotic series and is violated, starting with the term proportional
to the small parameter in the first degree €' .

Generalized impedance boundary condition for a specific model of the electromagnetic system.
Earlier in [10] calculations of three-dimensional electromagnetic field in the dielectric region were
performed in the case when the external electromagnetic field is created by a circular contour with current 7, 0

(6)

whose plane is perpendicular to the boundary surface of the conducting body. In this case, the components of

tx
3

. . 1 r . . .
the external magnetic field are H,=—-% § dl , where r is the vector going from the contour point to the

4y r
observation point, ¢ is the vector tangent to the contour. The orientation of the Cartesian coordinate system
is shown in Fig. 2 works [10] - the center of the coordinate system is on the interface, the vertical axis Oz,
directed normally to the surface, passes through the center of the circle, the axis Ox coincides with the line
of intersection of the plane of the circle with the interface. The geometric dimensions are as follows: radius
of the contour R =0.05 m, distance from the center of the contour to the surface H =0.06 m, respectively,

the minimum distance from the contour to the surface 4, =0.01m. The electrophysical properties of the

medium correspond to those of aluminum y=3,7-10" 1/ (Q . m), p=1. Frequency is variable. Despite the fact

that the calculations were performed for specific geometric dimensions and properties of the material, the
results due to the linearity of the problem in relative terms are valid for other parameters of the
electromagnetic system.

The presence of exact and approximate solutions of the problem allows not only to determine the
field intensities, and also to investigate the features of the generalized impedance boundary condition:
calculate the function 7', compare the results of exact and approximate approaches and analyze the influence
of the parameter ¢ to the value of the function T for different components of the electromagnetic field.

When integrating along circular contour, the distance » for different contour points is changed and
the value of the parameter ¢ is changed accordingly for these points. Therefore, the results of calculations
for the function 7 and field intensities are presented depending on the maximum value of the parameter

€= 8/ (\/Ermm), which corresponds to the minimum distance r,;,, between the contour and the observation
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point on the surface of the conductive body. Components of complex-value amplitudes of a function
T, = ‘Tk ‘exp(i(pk ), where k = x, y, were investigated for modules and arguments of the function. The results

for the modules of complex-value amplitudes are presented in the form of relative values 7, = ‘T ! ‘ / ‘Ek

This normalization allows, depending on the parameter & to determine the relative effect of the non-

uniformity of the electromagnetic field on the value of the function T , which for the model of penetration of
the uniform field is equal to zero.

Fig. 3 — 5 show the values of different components of the function 7 and the intensities of the
electromagnetic field at different points on the surface, depending on parameter €. In all figures, the solid
curves correspond to the calculation by exact analytical expressions, the dotted curves correspond to the
calculation by the approximate asymptotic method.

At the point x=0,y=0 where

0. 0 ; _
, 0,0, _— the distance rl'min =h, from the cont01.1r
L8 s 90 / to the surface is the smallest, the electric
~0.1 / & / field intensity E= Exex and,
40 accordingly, the function T =Te, are
00 01 02 03 04 ¢ 0 01 02 03 04 ¢ directed along the axis x. At this point,

a Fig. 3 b the intensities of electric E,_ and

X

magnetic fields H , on the surface are

largest. The values of T, in dependence of the small parameter & at this point is shown in Fig. 3 a. A
characteristic feature is the approximately quadratic dependence on &, which confirms the conclusion for the
generalized impedance boundary condition with strong skin effect. The influence of the older terms of the
series to the value of the argument of the function 7' is more significant. This can be seen from Fig. 3 b for

the same point on the surface.

If the observation points move
1 [=0.025m, y=0.01m P

0.8,=0.025m, y=0.0Im] 0.8 7 away from the point closest to the contour
0.6 <0.6 Y,
~< N m . |Hy |

on the surface, the electromagnetic field

o4 IE.| IE.] o4 —L intensity decreases. In addition, at points
0?2 //L‘ 0" = on the surface that do not coincide with
0p o1 02 03 04 ¢ 0 a1 07 03 04 & the axis X, all components of the
electromagnetic  field intensity are
nonzero. The values of the field
components can differ significantly from

each other. This is illustrated in Fig. 4, which shows the values of the tangent components of the electric and
magnetic field intensities at the point. In the figure, the magnitude of the intensities are normalized as

a Fig. 4

follows Ezwl?*, Hzﬂl'{*.
4n 4nh,

0.08,=0.025m. '=0.025m, . Despite the significant
—001m difference in the values of the
0.06 0.4 components of the field, the
IS components of the function 7 that
004 characterizes the generalized
impedance condition for non-uniform
0.02 field differ much less. As can be seen
from Fig. 5 a, the absolute values of
0o 01 02 03 04 ¢ the various tangent components of the

b function T are values of the same
order. The figure shows the
normalized  values, which are
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In this case of the specific model of the electromagnetic system, at the point of the surface we have

determined similarly to the electric field intensity T =

relations |Ex > E 3 b H , > H .| for the components of the field intensities. However, for the components of
the function T we have the opposite inequality |TX I<| T |- This feature is appropriately reflected in the
relative value of the components of the function T (Fig. 5 b) — larger values of the components 7}, occur for
smaller value components of the electric field intensity ‘EZ‘ In all cases, the possibility of applying for non-

uniform electromagnetic field the simplified model of penetration into conducting half-space of uniform
electromagnetic field is performed only for fields that are characterized by very small value parameter ¢ .
This implies the need to take into account the non-uniformity of the field in the development of methods for
calculating electromagnetic fields using the impedance boundary condition.

Comparison of the results obtained by analytical exact and approximate methods allows us to make
conclusion about the allowable values of the parameters at which the use of simpler asymptotic
approximation is acceptable. The error of the results of the electromagnetic field calculation by the

approximate method depends on the complex parameter €= MB/ (ﬁrmm)z 1“.1/ ou,yr., that combines the

electrophysical properties of the medium, field frequency and the minimum distance from field sources to
the surface of the conductive body. As can be seen from Fig. 4, calculations of field intensities can be
performed when the small parameter does not exceed the value €¢=0.3. In Fig. 3 and 5 the results of

calculations of the function T of the generalized impedance condition are also presented depending on the
same complex parameter €. It can be seen that sufficient accuracy is provided here for a slightly smaller
range of values of the small parameter € <0.2 . This is due to the fact that the approximate expressions of the
function do not take into account the first two terms of the asymptotic series, whose contribution to the value
of field intensities is the largest.

Conclusion.

1. In the case of a strong skin effect the expansion of exact analytical expressions for a three-
dimensional electromagnetic field into asymptotic series on the introduced small parameter allows to express
the electromagnetic field intensities on the surface of the conductive half-space through the value of external
magnetic field and its derivatives. This makes it possible to analyze the effect of external field non-
uniformity at the surface of the conducting half-space and determine the effect of the introduced small
parameter on the field value, as well as determine the validity of the approximate Leontovich’s impedance
boundary condition depending on the small parameter. The established deviation is the basis for the
generalization of the impedance boundary condition and its presentation in the form that allows to obtain a
quantitative estimate of this deviation.

2. The analysis of the function introduced as a generalization of the impedance boundary condition
to the case of non-uniform electromagnetic fields confirmed the conclusion that the approximate
Leontovich’s impedance condition is valid only for the first two terms of the asymptotic series expansion.
Comparison of the results obtained by exact and approximate methods allowed us to find the value of small
parameter in which the use of simpler asymptotic approximation is acceptable and to conclude that its
allowable limit value for generalizing the impedance boundary condition is smaller than the same value for
fields on the surface of the conducting half-space.

3. Introduction of the generalized impedance boundary condition in the form of the function which,
unlike the simplified approach, is not equal to zero, allows to formulate boundary value problems of finding
the electromagnetic field using the impedance boundary condition in the case of diffusion of non-uniform
field. The analysis of the emerging errors shows the permissible limits of the use of simplified and
generalized approaches.

4. Since the conclusions regarding the quantitative indicators in this paper are based on the
calculations of specific model of the electromagnetic system, it is advisable in the future to conduct research
for standard sources of external fields, which may be elements of more complex systems.
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IMIIEJAHCHA TPAHUYHA YMOBA ITPOHUKHEHHS HEO/THOPITHOI'O
EJEKTPOMATHITHOI'O IIOJISI B EJIEKTPOITPOBIJHUM NIBIPOCTIP
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Ha ocroei mounozo ananimuuno2o i HAOIUNCEHO2O ACUMPMOMUYHO20 MEeMOi6 PO3PAXYHKY 008IIbHO20 MPUBUMIDHOZO
eIeKMPOMACHIMHO20 NOAS OOCHIONCEHO BNIUE HEOOHOPIOHOCMI 306HIWHbOZO MO HA 1020 PO3NOOLL HA NOGEPXHI
e1eKmponpogioH020 NiBNPOCMOPY. 3anponoHOBAHO GUKOPUCMAHHA (DYHKYIL, AKA V3A2ANbHIOE IMNEOAHCHY ZSDAHUYHY
YMOBY Ha BUNAOOK Ou@ysii HeoOHOPiIOHO20 Nojs 8 eiekmponpogione mino. Ha ocHnosi nopieHauHa pesynvmamie
PO3DAXYHKIB 30 MOYHUM | HAOIUNCEHUM MemOOamu 011 KOHKPEeMHOI MoOei eleKMpOMAcHImHOL cucmemuy 6CIMAHOBLEHO
npunycmume 3HAYEHHs BEPXHbOI MedCi 86e0eH020 Mano20 napamempy, 3a AKUM 30IUCHIOEMbCA PO3KIAOAHHA 6
acumnmomuunui pso. bion. 10, puc. 5.

Kniouoei cnosa: TpuBuMipHE €JIEKTpOMAarHiTHe MoJIe, CHIIbHUN CKiH-e(peKT, iIMIIeJaHCHa TPaHUYHa YMOBA.
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