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Mathematical modeling of the electromagnetic-acoustic transducer (EMAT) for excitation of nondispersive torsional
waves in tubular electrically conductive ferromagnetic hollow rods of small diameter is performed taking into account
all the factors that determine the design of the EMAT. The solutions of the differential equation for the values of the
electromagnetic fields formed by the high-frequency coil of the device in the gap between the transducer and the tubu-
lar ferromagnetic product are found. The results of the research can be used to simulate and design exciting EMATS for
measuring, monitoring, and diagnostics in the energy, nuclear, chemical and other industries for ultrasonic test of fer-
romagnetic tubular products. References 6, Figures 4.
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Introduction. The article is a continuation of paper [6] in which the differential equation of torsional
oscillations in a hollow electrically conductive ferromagnetic (magnetostrictive) rod is formulated and the
general solution for the object of research of infinite length, in which the running non-dispersive torsional
waves exist, is given. The general solution is obtained by means of the Fourier integral transform [3] with
respect to the z is the coordinate of the cylindrical coordinate system (p, v, z), axis z of which is aligned with

the axis of symmetry of the hollow rod. The study of the analytical solution of the differential equation and
computer simulation gave a possibility to determine that when designing electromagnetic-acoustic transduc-
ers (EMATS) it is necessary to take into account the properties and characteristics of the interconnected
geometric and material parameters of the transducer model and the material properties of the product that are
physically one of the elements of the transducer along with the amplitude of the excited torsional waves at a
given frequency. To ensure the possibility of creating EMAT for measurement, control, diagnostics and
studying of physico-mechanical properties of tubular products, it is necessary to conduct researches of the
obtained solutions of the differential equation and formulate recommendations on the choice of EMAT de-
sign options with predefined parameters and characteristics. This is also important from the point of view of
power supply of the EMAT [2] with a generator that is compatible with it.

The aim of the work is to implement the study of the factors determining the rational design of the
EMAT for ultrasonic test of non-dispersive torsional waves of hollow rods and small diameter tubes.

Content and results of research. To achieve this goal, it is necessary to find explicitly the solution
of the formulated differential equation through step-by-step finding of 1
the interrelated electromagnetic fields in various domains of the EMAT p
model, taking into account all the factors affecting the design of the
transducer. To solve the problem, let us consider the design of a pass-
through coil, electromagnetic-acoustic transducer, shown in Fig. 1. The
term "pass-through coil transducer" means a physical system with dis-
tributed parameters. The transducer consists of a source / of an alternat-
ing magnetic field, a coil of N circular wire loops, a source 2 of a con-
stant bias field located on the axis of the coil symmetry of the central

conductor through which a constant current /, flows and a certain vol-

ume of the ferromagnetic hollow rod 3 in which the electromagnetic
energy is converted into the energy of the elastic vibrations of the parti-
cles of the rod material.

Amplitude value of the linear density of external torque " (z) in
the paper [6] is determined by the following expression Fig. 1
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a
where m,; and m, are the magnetostrictive constants; H ; (p,z) (p =R ; ry) is the amplitude value of the
radial component of the tension vector H* (p , z) of the alternating magnetic field of the coil that exists in the

volume and on the surface of the hollow ferromagnetic rod and varies in time according to the law e

The integral for definition of the angles of rotation @) of the cross sections of the rod has the
meaning of the Fourier integral transform [3] and can be determined as:

wek)= [u(2)e ™ dz. )

Components of the amplitude value of the tension vector H" (p , z) of the alternating magnetic field

of the coil in the volume of the ferromagnetic rod, as characteristics of the field of the physically realized
source, should satisfy the limiting conditions

OH(p,z)
lim{ H(p,z),—2——"2L =0, = (p.z), 3
{ o), 21 } p=(r.2) o
where L=+/p® + z* is the distance from the field source. Subjecting the right side of expression (1) to the

Fourier integral transform (2), and taking into account the conditions of physical realizability of the field
source, that is, the limiting conditions (3), we obtain the following result

rben) =D L k) ek

)+ aH;(p,iks)

FikH (p,xk)|dp}, (4)
op

R
1
+\p _H*(pii—ks
oL
where

Hylp,x k)= [H}(p,2)e"dz, B = (p,z) (5)

is the integral image of amplitude value of the £ -th component of the vector magnetic intensity of the coil in
the volume of the ferromagnetic rod.

To determine the angles of rotation o) of the cross sections, it is necessary to determine the inte-
gral images H ; (p,i ks) and H : (p,ir ks) of the intensity vector components of the alternating magnetic
field of the coil in the volume of the ferromagnetic rod.

When performing calculations, it is expedient to divide the infinite domain (0 < p <,
—00 < z < 00) into subdomains (Fig. 1):

-domainNo 1 (R< p<w,0<9< 27, —0 < z <o) with air gap under coil loops;
-domain No 2 (r, £ p<R, 0 8< 27, —0 <z <o) with volume of an electrically conductive ferro-

magnetic tube;
-domainNo3 (R, < p<r,0<3< 27, —0 <z <o) with air gap between the inner surface of the tube

and the lateral surface of the electric current conductor;
-domainNo4 (0< p<R,, 0<9<27, —o0 <z <o) with volume of the electric current conductor.

1. Calculation of the magnetic field in the air gap under the coil and determination of the wave
characteristic of the alternating magnetic field source
In the domain No 1, there are external electric currents (alternating current in coil loops), whose sur-

iot

s completely determined by the circumferential component J ; (p,z)e .

face density vector J *(p,z)e
Its amplitude value is calculated by the formula
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where I” is the amplitude of alternating current; N is the number of loops in the coil; 2/, R, and R, are
the dimensions of the cross section of the coil; f,(p) and f;(z) are the regulatory functions, where

_ |1V pe[R,,R, ], _J1Vzel|-¢,¢],
fl(p)‘{ov,)e[Rl,RJ, f3(z)_{OVZ$[—f,f].
The amplitude value H m(p,z) of the intensity vector of the alternating magnetic field of the coil in

the domain No 1 satisfies the Maxwell equation, which, neglecting the displacement currents (they are sev-
eral orders smaller than the external electric currents), is written as follows

rot HV(p,z) = J*(p,z). (7)

In order that the condition for the absence of magnetic charges be satisfied, that is, condition

divE’(l)(p,z) = 0, where E’(l)(p,z) = uH m(p,z) is the amplitude value of the magnetic induction vector

of the alternating magnetic field of the coil in the domain No 1; u,=47-10"" H/m is the magnetic perme-

ability of vacuum, we introduce the vector potential A(p,z)e™ . It shall be such that

rot A(p,z) = BW (p.z)= u,H (l)(p,z). Substituting the last relation into the Maxwell equation (7), we ob-
tain the equation for the vector potential of the alternating magnetic field in the domain No 1

rotrot A(p,z) = u,J*(p,z). (8)

The solution of equation (8) must satisfy the condition of physical realizability of the source of the

magnetic field, that is, it must ensure the fulfillment of the following limiting conditions

HEE

where L, = 4/ p?+ z? isthe distance from the source of the alternating magnetic field in the domain No 1.

It is easy to verify that for an axisymmetric (independent of the circumferential coordinate 9 ) alter-
nating magnetic field of the coil, equation (8) takes the following form

2 2
K Ag(zp,z) 8 Ag(,;),z) 1044(p.2) b a,(p.z) = T (p.2), (10)
oz op p Op p

where A4, (p,z) is the circumferential component of the vector potential, which, as follows from the limiting

conditions (9), must satisfy the limiting conditions of an analogous form, that is

Lhm {Ag(p’z),aAg@(p,Z)’aAS(p,Z)} =0.
1> 1% 0z

The conditions of physical realizability (11) make it possible to apply the integral transformation (5)
to solve equation (10). We introduce the function

A5(p,x k)= [4y(p,2)e " dz. (12)

(11)

The function A,(p,+k,) is an integral transform of the amplitude value of the circular component
of the vector potential of the alternating magnetic field of the coil in the domain No 1.

Applying the integral transformation (12) to the left and right sides of the differential equation (10),
we bring it to an ordinary differential equation of the following form

0> Ag(p,tk, 0 Ag(p,tk, .
pr LA h) 0P R) fa iy (o k)= - g2 ). (13)
op op
. Ul "N sink/
where Jy(p,tk, )= .
S(P ) (RZ_RI) k.t fl( )
We seek the solution of equation (13) in the following form
Ag(p.xky) =[A+ AP, (k,p) + [B + B(p)]K, (k) , (14)
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where A and B are the constants; A(p) and B(p) are the varying constants that form a particular solution

of the inhomogeneous equation (13) and satisfy the conditions of a minimal number of computations, that is
A'(p)1,(k,p) + B'(p)K, (k,p)=0; (15)

the prime in condition (15) denotes the first derivative in the radial coordinate p; I, (ks p) and K, (ks p) is

the modified Bessel function and the McDonald's function of the first order, respectively.
We define the derivatives of the integral transform of the circumferential component of the vector
potential A 9( ,x ks) entering into equation (13). After calculating the condition (15), we obtain

—aAggp’”) =[4+ A(p)]{ﬂo(w) - %Il (7/3)} -[B +B(P)]{7Ko () + %Kl (7/3)}
% 4+ A(p)]{kf[l (k.0)+ 2 1,(k.p) - “—(’”’)} +A’(p){ks 1,(k.p) =~ 1, (ksp)} v
p p p p

+[B+B<p>ﬁkfz<l<ksp> 2 k()¢ 1 "p} #0) b, Kollop) = L)

Substituting the derivative of the function 4 (p and the supposed form of the solution (14) in-
to equation (10), we obtain
kA'(p)1o(k,p) = k. B'(p)K, (k. p) = = T3 (0.2 k,). (16)
Condition (15) and equation (16) form an algebraic system of equations with respect to the first de-
rivatives of varying constants. The determinant D of this system of equations has the form

T

Since the Wronskian modified cylindrical functions 1,(k,p)K,(k,p)+ 1,(k,p)K,(k,p)=1/(k,p)
[3], then the determinant D = —1/p , and the sought derivatives are written in the form

A(p)=-pJi(p. £k )K (k,p), B'(p)=pJ5(p. 2k )1 (k,p). (17)

Integrating the left and right sides of relations (17), we obtain the calculated formulas for varying co-
efficients A4(p) and B(p)

p x . p
. Uyl N sink l
Alp)=—-|xJglx, 2k Kk x)dx = —————" | xK |k ,x)dx, 18
(,0) i'x S(x s) 1( s'x) X RZ— Rl ksﬁ J: 1( sx) X ( )
. o I*N sink (¢
=ij ) (k) de = S0 22 [ (ke x) (19)

R2 - Rl kvg

From the expressions (18) and (19) it follows that in the air gap between the coil loops and a ferro-
magnetic surface of the hollow rod 4(p) = B(p) = 0¥ p<[R,R,].
The conditions of physical realizability of the source of an alternating magnetic field dictate the ne-
cessity of fulfilling the following limiting condition
lim Ay(p,+k,)=0. (20)
p—>0

In order to satisfy condition (20), it is necessary and sufficient to determine the constant A in the so-
lution (14) as follows

Ul "N

U ' N sinksfljz
R,— R, k!

1

where W, (E R, ks) is the wave characteristic of the source of an alternating magnetic field, i.e., coils, that is
sink (

A=A, =-AR,)= K, (k,p)dp = w.(¢,R,k,), 1)

s

w.(¢,R k)= R(k,); the function R(k,) determines the influence of the thickness of coil loops

N

packing on the amplitude of the excited torsional waves. The numerical values of the function R(ks) are
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E(kst): Kl(kst)Lo(kst)+ Ko(ksRJ )Ll(kst)5 J=12.
Here LV(kSR j) is the modified Struve function of orderv = 0,1. The numerical values of the modified

determined by R(k,) = ﬁ[E(kSRZ) - %E(!{SR1 )} ,

Struve functionL,, (z) are given by the integral expression [1]

L,(z)= Mﬂfsh(z cos 3)sin? $d 9 Rev > —1/2 (22)
T Jxr(v+1/2) ’ ’

where F(v +1/ 2) is the gamma function. Fig. 2 shows the graphs of modified Struve functions of orders

v =0,1,...,4, whose numerical values were calculated by formula (22).

Figs. 3 and 4 show the nature of the change in the modulus of the function W, _(/,R,k,) for two fixed
coil lengths /=0 (Fig.3) and /=R (Fig. 4). The smaller radius of coil loops packing R,=1,05R. The
variable parameter of the radius in Figs. 3 and 4 is the family of curves R, = [1,051 + 0,5(n — 1)]R , where n
is the curve number.

I,l.[.\_'} |,n|”1'{’(.'n*.'1 .
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From the analysis of the data given, it follows that an increase in the size of the coil results in a narrow-
ing of the frequency bands in which effective excitation of torsional ultrasonic waves occurs. The narrowing of
the frequency bands is due to the fact that with increasing transverse size of the coil, the degree of delocaliza-
tion of its magnetic field in space increases and, as a result, the linear dimensions of the region of action of the
alternating magnetic field on the rod increase, so the conclusions obtained in paper [6] are confirmed.

Therefore, based on analysis of the data given in paper [6], it can be concluded that the physical na-
ture of the wave characteristics W, (¢,R,k,) of the source of the alternating magnetic field in the electro-

magnetic transducer can be interpreted as the coefficient of interference losses of the excitation efficiency of
torsional waves that are inherent in all electro-acoustic transducers [4, 5]. This is because ultrasonic trans-
ducers are devices with a distributed mechanical output in space.

In the air gap under the coil, the vector potential 4, (p,i ks) is determined by the following expres-
sion Ag(p’iks):Aoll(ksp)_'_BKl(ksp)’ (23)
where B is the constant to be determined.

From the definition of the vector potential it follows that

Hg)(pjz)z_LaAg(p,Z), Hgl)(p,z)=i[l/19(p,z)+ aAs(p,Z)] 24)
My Oz Mo | P op

Applying the integral transformation (12) to the left and right sides of relations (24), we obtain the following
expressions:
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Substituting expression (23) into (25), we obtain formulas for calculating the integral transform of

the components of the vector of the alternating magnetic intensity under the coil in the domain R < p < R,

0 Ho

4,(p.2k,), Hi‘)(p,iks)=i{iflg(p,ik )+M} (25)
el

ik,

HY(p,£k,)=+il"NW,(¢,R k)1, (k,p) £ == BK,(k,p),

0

HO(p k)= NI, (R K)o (kop) ~ 5 BE, k). (26)
0

In addition to wave losses, in real electromagnetic transducers, there are losses associated with the
reduction in the efficiency of excitation of elastic waves, which are caused by eddy currents. To determine
the loss factor for eddy currents, it is necessary to investigate the alternating magnetic fields in the volume of
an electrically conductive ferromagnetic tube in the air gap between the inner surface of the tube and the
lateral surface of the electric current conductor and in the volume of the electric current conductor.

Conclusions. The mathematical modeling of the pass-through electromagnetic-acoustic transducer
for excitation of torsional non-dispersive elastic oscillations in tubular-like ferromagnetic products is per-
formed taking into account the characteristics of the transducer, the properties of the object under study, and
the relative location of the EMAT and the product. The necessity of step-by-step finding of coupled electro-
magnetic fields in various areas of the EMAT model is shown taking into account all the factors influencing
on the design of the pass-through transducer. A solution of the general differential equation is found by de-
termining the electromagnetic fields values in the region between the exciter coil of the preamplifier and the
tubular product. The wave characteristic of the alternating magnetic field source of EMAT is determined.

It is defined that an increase in the dimensions of the high-frequency coil of the transducer leads to a nar-
rowing of the band of excited frequencies, in which an effective excitation of torsional ultrasonic waves occurs.
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