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Procedure of calculation of nonlinearity parameters by power method based on equations of balance of the source and
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Introduction. The analysis of electromagnetic and power processes in electric circuits is based on
the known laws of Kirchhoff, Ohm, postulates following from Tellegen theorem [1] and, first of all, equality
of the powers of the source and the consumer. The latter is most often used in estimation of the
correspondence of the obtained results to energy conservation law.

Two typical problems are singled out of the tasks of identification of electric circuit parameters:

- the problem of determination of voltages, currents and powers of different elements of circuits
when their parameters are assigned;

- the problem of finding values of parameters of certain elements, e.g. sources electromotive forces
(EMF) providing supply of the required voltages, currents or powers.

The paper deals with the second problem for nonlinear elements. The main difficulty of the analysis
of such circuits consists in the necessity of taking into account the dynamic properties of the nonlinear
element itself and its influence on the system as a whole. So, for example, it is known that during operation
of a nonlinear element the alternating current in the circuit becomes nonsinusoidal and contains harmonic
components divisible by the frequency of the supply mains [2].

When parameters of circuits with nonlinearities are calculated, the solution of the problem is
hampered by limitation of the number of initial equations when there are a great number of unknowns.
Electric machines equivalent circuits containing a nonlinear inductance are a particular case of such circuits.

Many authors dealt with calculation of such circuits [3 — 6]. However, offered principles are based
on rather lengthy and not always accurate calculation methods. Besides, relations used in these methods
often do not correspond to real power processes in these circuits.

The known methods of calculation of electric circuit elements parameters are divided into numerical
and analytical ones. Use of numerical methods [3] allows solution of equation systems with many unknowns.
However, it is connected with an approximate determination of roots of equations or equation systems and is
applied in the cases when the exact method of solution is unknown or laborious [4]. In particular, finite
element method (FEM) is often used in solution of such problems [5]. One of its drawbacks consists in the
necessity of boundary conditions. They are chosen by special methods.

As to analytical methods, harmonic analysis of electric circuits, in particular with nonlinear
elements, is widely spread now. However, this method described in papers [6, 7] is based on linearization of
nonlinear processes. The fault of such methods consists in taking into consideration only the first harmonic
when output parameters of a system with nonlinear characteristics is described, but harmonic components of
higher frequencies directly characterizing the nonlinear element influence on the system are neglected.

As there is no simple and efficient method of analysis of electric circuits with nonlinear
characteristics, creation of a calculation procedure making it possible to obtain the necessary accuracy of
calculation and take into account the special features of physical processes in nonlinear circuits is topical.
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Problem statement. The purpose of the research carried out in the paper consists in development of
a calculation procedure for parameters of nonlinearity of alternating current electric circuits using a power
method, verification of its availability by example of calculation of parameters of nonlinear inductance.

General theses of the power method in problems of identification. It was found out by research
that the theses of Tellegen theorem are transformed into equations of balance of power of separate
harmonics, obtained as a result of frequency analysis of power function p(¢) equal to the product of time ¢
signals of voltage u(f) and current i(¢) [8]. Transition from equations of electric balance to equations of
power balance separately for every power harmonic for its constant and variable components allows essential
improvement of the possibilities of calculation by increase of the number of identification equations. In this
case balance equations formulated separately for constant, active and reactive power components can be used
as parity-check equations.

If current and voltage are decomposed into harmonic components:

i(r)= i(lma cos(mQu) + I, sin(mQr)), (1)
m=0

u(t)= 3 (U, cos(n)+ U, sin(nr)), @)
n=0

then the obtained number K of the equations corresponds to the number of the analyzed harmonics of current
m and voltage n. Total number of identification equations will make K=2m+1=2n+1, which may be
insufficient when the number of unknowns is great.

In (1), (2) n, m — number correspondingly of voltage and current harmonics;

l,.,1,, —correspondingly cosine and sine amplitude components of current harmonics;
U,.,U,, — correspondingly cosine and sine amplitude components of voltage harmonics.
Number of equations in harmonic analysis of power function
plt)=u(t)t)= 3 (P, cos(kQr)+ Py, sin(kQr)) 3)
k=0

is significantly larger, as series of voltage with number # of harmonics are multiplied by current with number
m of harmonics. It results in (m-n) harmonic components of power and K=2(n+m) power balance equations.
It considerably exceeds the number of equations of electric balance that can be formulated with the use of the
theses of electrical engineering theory.

Thus, processes in alternating current nonlinear circuits can be described by systems of power balance
equations obtained from Tellegen theorem on the basis of electric balance equations. This approach was the
basis for a proposed power method [9] used in calculation of complicated electric circuits on the grounds of
harmonic analysis of the curves of voltage, current and power. The offered method makes it possible to present
processes of energy conversion in nonlinear elements more reliably and obtain calculation relations for

determination of their parameters on the basis of power criteria [10].

i) R Procedure of calculation of nonlinear inductance parameters is
2 — described on the basis of analysis of a simple electric circuit (Fig. 1)

resistance R, nonlinear inductance L(i). Here U}, — amplitude value of the first
harmonic of voltage, Q — angular frequency.

Fig. 2 shows the character of
dependences of induction B and coil b
inductance L as functions of current i
flowing thorough winding turns.

The given dependences can be approximated in a general
case by power polynomials. Taking into account their special
features and presence of symmetry of a certain type (see Fig. 2), -

containing an alternating current power supply with voltage u(#)=U,,cos(Q),
u(t) L(i )(2

Q

Fig. 1

there is every reason to believe that there is no constant component
and the influence of components at even powers of current i in
dependence B(i) and components at odd powers of current in Fig. 2
dependence L(i) is insignificant. It allows one to neglect the
mentioned components in approximating expressions.
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Thus, if the operation condition of the circuit includes core saturation zone, dependence B(i) can be
presented in the form

B(i) = aji + azi® +asi° +...+ayi’, (4)
and inductance L dependence on current i will be
L(i)=by +byi* +byi* + ..+ bi’, (5)

where ay, as, as, ..., ay, by, by, b, ..., by — approximation coefficients; » and / — assumed maximum degrees of
approximating polynomials.

It was demonstrated by the authors [11, 12] that such a representation is a universal one and
describes behavior of this curve most accurately. In those curves the calculation is based on a typical
symmetrical magnetizing curve B(i) (Fig. 2) characterized by change of inductance with double frequency
compared with frequencies of current components determining the process of material reversal
magnetization.

If instead of current i its dependence (1) on time is substituted into (5), transfer from L(i) to time
dependence L(¢) will be obtained:

L(i(¢))= by + byi* (1) + byi* (¢) + ...+ byi’ (¢). (6)

Coefficients by, by, by,..., b; in (3) are unknowns.

Such a representation makes it possible to consider inductance L as varying depending on current,
time and also on both these parameters simultaneously.

Taking the above said into consideration, expression (6) for a simple electric circuit (Fig. 1) will be
of the form

L(i(t))=b, +1b, (Z([M cos(mQt)+1,, sin(mQt))Jz .

m=0

+b4(i(lm cos(mQue)+1,, sin(mQt))j +..+ (7

m=0

+b, (i(zm cos(mQt)+1,, sin(mQt))Jl :

m=0

After relevant transformations the following will be obtained:

L(i(t)= Lo + X (L, cos(kQe) + Ly, sin(kQr))= Ly + L'(i(z)) (8)

k=0
In (7) and (8) Ly =by + f (bz; bysesbyid i1, ) k — number of harmonics of inductance amplitude
components obtained as a result of mathematical transformations of expression (7); L, Ly, — amplitude
values of inductance for k-th harmonic cosine and sine components, respectively; L'(i(¢)) — inductance

variable component.

It can be seen from (8), that constant component L, includes component b, (inductance value when
current equals to zero) and a function of variable components.

When power processes directly connected with L’(z'(t)) are analyzed, equivalent circuit (Fig. 3), in

which constant L, and variable L'(i(z)) inductance components are considered separately, is true. In this
circuit L'(i(z)) is presented as equivalent to EMF characterizing physical demonstration of nonlinearity, i.e.

formation of harmonics divisible by current harmonics. Such
substitution of a variable component, equivalent to EMF, allows
one to simplify the calculation and explain the mechanism of
energy conversion at nonlinear inductance: active power is
consumed only as a part of single-frequency components (i.e.
only when voltage and current frequencies are equal), and
occurrence of current high-frequency components is caused by
energy conversion process in a nonlinear element.

Expression of EMF will be of the form: - Fig3
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E(t)= % (L'((0))i(2)= EO(EW cos(mQt)+ E,, sin(mQr)), )

where E,,., E,, — amplitude values for cosine and sine, respectively, components of EMF of m-th harmonic.
Expressions for power functions at the circuit elements:
- source power

p(0)=ul)i(t)= Py + (B, cos(k) + By, sin(k)) (10)
- active power component .
pr(t)=Ri2 ()= Py + 3. (Prgg cos(h) + Pyyy sin(k2)); (1)
- reactive power fixed component .
p, (=L, d;(: ) i(t)=Py; + i(PkaL cos(kQ) + Py, sin(kQ0)), (12)

- reactive power variable component
P (1) = E(0)i(1)= By + 3 (P cos(k) + By sin(kQ)), (13)
k=1

where in (10)—(13) Py, Por, Por, Por — constant components of instantaneous power, and Py, Pis, Prar, Piors
Prars Pror, Prag, Pror — cosine and sine amplitude components of k-4 harmonic of power function of the
source, active power component, reactive power fixed component and reactive power variable component,
respectively.

An equation system for determination of L, in (8) and amplitude values of EMF components can be
obtained from expression

W(o¥(e)= R (1) + L, d;—(tt)i(t)JrE(t)i(t). (14)

According to Tellegen theorem, let us present all the members of this equation in the form of P,
P, cos(kQt) and P, sin(kQt), respectively; then group the coefficients of harmonics of equal order on the

right and on the left of the sign of equality. Then, without writing all the intermediate transformations, we
will obtain a system of power equations for a constant and amplitude cosine and sine components:

Py =For +FPor + FPogs
Pla :PlaR +PlaL +P1aE;
By =Pypr + Py + Ppps

(15)

Pka:PkaR+PkaL+PkaE;

By = Bipr + Pior, + Lot -

Having solved (15) we will determine amplitude components of dependence E(f) and a constant
component Ly of inductance.

Transfer to parameters L'(i(¢)) is made on the basis of equality

_d o O dL ()
E(0)= dt(L (i(1)i))=L'(i()) 0= (16)

An equation system for determination of values Ly,, Ly, will be obtained from expression (16) due to
decomposition of each component into harmonics.
Example of determination of nonlinear parameters of an alternating current circuit. Let us

consider an electric circuit with parameters: u(r)=220cos(Qs); Q=100s"'; R=100 Ohm, b, =1.43;

b, =—0.4; b, =0.07. To estimate the accuracy of calculation of nonlinear inductance parameters by power

method let us create a mathematical model (modeling is performed in software environment Matlab)
assuming parameters of nonlinear inductance to be known. As a result of modeling we will obtain voltage
and current, taking nonlinearity into account, which will be initial data for formulation of identification
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equations. It will provide the possibility of estimation of a calculation error by comparison of data obtained
as a result of mathematical modeling and the ones obtained by the proposed method.
Expression for nonlinear inductance is of the form

L(i(2)) = by + byi? (¢)+ byi* (2) (17)
The model is formed by solution of the differential equation
u(t):Ri(t)+(L(i(t))i(t))le(;). (18)
For a circuit with the above stated parameters a current time dependence of the following form is
obtained:
i(t)=1.37cos(Q¢)—1.01sin(Q2¢) + 0.08 cos(3Q2¢) — 0.35in(3Q2¢) + 0.017 cos(5€2¢) — 0.085sin(52¢).  (19)
Fig. 4 shows current and voltage curves
i A“ u, B obtained as a result of solution of equation (18).
3007 As current contains the first, the third and the
27 ook fifth harmonics, EMF also contains harmonics with
. i) the frequencies of the mains and current frequencies.
1107 Expression for EMF is of the form
> E(t)= E,, cos(Qt)+ Ey, sin(Qt)+ E;, cos(SQt)Jr
b + Eyp sin(3Q¢) + Es,, cos(5Q¢)+ Es, sin(5Q¢).
(20)

| 100+

— For the further analysis of power processes

=300+ conditioned by presence of nonlinear inductance a
Fig. 4 system of equations according to expression (14) is
formulated and the wvalues of EMF amplitude
components and inductance constant component L, are determined
13.55=12.77-0.25E,, - 0.035E,, —0.01E,, — 0.0055E,, —0.00022E;, — 0.00038E,,;

-0.28=13.3+12.28L—-0.26E,, + 0.029E,, —0.25E,, —0.035E,, —0.01E,, —0.0055E, ;
53.33=3.9-41.86L -0.04E,, —0.24E,, + 0.035E,, — 0.25E,, + 0.0055E,, — 0.01E,,;
-0.87=0.95+4.55L-0.01F,, + 0.005E,, —0.25E, +0.35E,, —0.25E,  —0.035E,,; (21)
2.27=0.72-5.96L -0.0058E,, —0.0097E,, —0.035E,, —0.25E,, + 0.035E,, — 0.25E,,;
—0.077 =0.03+0.59L - 0.0002E,, + 0.0004 E,, —0.01E,, + 0.0055E,, —0.25E,, + 0.035E,,;
0.055=0.063—-0.28L —0.0004E,, —0.0002E,, ——0.005E,, —0.01E,, —0.035E,, — 0.25E,,.

The following parameters are obtained as a result of solution of the system: E,_ =58437V;
E,=-435.11V; E, =17.07V; Ey =—2639V; Es, =153 V; E,=-045V; Ly=08H.

Obviously, value E;, is positive and values E,;,, Ej,, Es5;, are negative. This fact is quite simply

explained by the mechanism of power transformation in inductance with saturation. At the first harmonic
power is consumed from the mains as supply voltage is sinusoidal. At higher harmonics power is generated.
It should be noted that all the power generated by higher harmonics dissipates at resistance.

Taking into account the calculated amplitude values of EMF the system of equations for
determination of nonlinearity parameters can be written down according to (20):

58.43=9.3L,, —75.4Ly, +1.6L,,~3.1Lyy;
—435.11=81.6L,, +12.7Ly, +3.2L,,+1.84L,;;
17.07 =-33.3L,, —235.3Ly; +33L4,~235.5Lyy;
—26.39=235.7L,, —32.6Ly; +235.5L 4, +33Ly,.

(22)

As a result of solution of system (22) the following parameters are obtained: L,, =0.2H,
Ly, =04H; L, =—0.01H; Ly =0.05H.
Taking the latter into consideration, according to (8), dependence L(i(t)) will assume the form:
L(i(£))= 0.8 + 0.2 cos(2Q¢) + 0.4 5in(2Q¢) — 0.01 cos(4Q¢ ) + 0.05 sin (4 ). (23)
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LH Curves of time variation of nonlinear inductance
are shown in Fig. 5.

1o 2 Time dependences of inductance variation: / —
curve obtained as a result of mathematical modeling; 2 —
11 curve calculated according to formula (23).

Difference between calculated dependences and

] data obtained as a result of modeling is conditioned by

0.6 the fact that only higher and most significant harmonics
were taken into account during calculation.
0477 o0z oo 006 008 o1 s Consequently, to provide more accuracy in calculation it

is necessary to take into account more harmonics.
However, this, in its turn, results in an increased number
of equations and complication of mathematical

Fig. 5

calculations.
To determine the approximation coefficient in accordance with power method the system of
calculation equations will be obtained from expression:

plt)=prt)+ V2100 (1) (24)

where py ;) (t)= (L(i(t)) d;f;) +i(t) L(;Et))ji(t), and L(i(t)) is presented in the form of (5).

The system of identification equations is of the form
150=3.1h, —4.8b, +1.5R;

160 = —3385b, —171.5b, —875b, + 0.9R;
— 144 =-2273b, —87b, — 555b, —1.7R;
10.6=1078b, —5111b, —117b, — 0.09R.

As a result of its solution the following values of parameters were obtained: R=99 Ohm; b, =1.44;
by =—04; b, =005 Dependence L(i) can be obtained

substituting values by, by, b4 into expression (5). It is shown in
Fig. 6.
Thus, it is demonstrated that using power method for
» . : . .
calculation of  nonlinear  parameters (in this
case — nonlinear inductance) it is possible to obtain not only
time dependence (Fig. 5) but also dependence on current (or

(25)

Fig. 6
any other parameter).
_ It should be noted that to use power method in the
" problems of identification it is sufficient to take an equivalent
circuit, current and voltage parameters as initial data.
Conclusions.

1. It has been shown that power method, unlike conventional methods of description and
determination of nonlinear parameters of alternating current electric circuits, makes it possible to obtain a
sufficient number of equations with any number of unknowns. It does not require initial approximations and
allows taking into account physical features of nonlinear elements. It has been proposed to use equations of
power balance of power harmonics of the source and the consumer as a mathematical basis for solution of
identification problems of nonlinear circuits.

Solution of the problem in several stages, i.e. through substitution of a variable component by
equivalent EMF, provides the possibility to analyze processes of energy conversion in the circuit, power
losses, its dissipation and generation.

2. It has been obtained that the use of this method makes it possible to consider electric circuit
elements separately. It simplifies the analysis of power processes by formulation of identification equations
for each element separately.

3. Procedure of calculation of nonlinearity parameters in alternating current electric circuits with
the use of power method has been developed.
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4. Power method efficiency was verified, taking an electric circuit with nonlinear inductance as an
example, by comparison of data obtained as a result of modeling and calculated data. The analysis showed
that calculation error is within the admissible limits. Accuracy can be improved taking into consideration
higher harmonics in current signals and in the expression describing the nonlinear element.
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