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The object of this paper is a spectrum analysis of a load current in a single-phase half-bridge inverter with PWM. The
analysis is based on an extension of differential equations with one variable of time to partial differential equations
with two time variables. The partial differential equation is solved with the use of the two dimensional Laplace
transform. The obtained solution is described in the form of a double Fourier series. This result is transformed into
such form that permits description as a spectrum in the domain of two discrete variables. References 6, figures 5.
Keywords: spectrum, inverter, extension, two dimensional Laplace transform.

Introduction. Let us consider processes in the load of the single-phase half-bridge inverter shown in
Fig. 1. The inverter output voltage is often described with the help of a double Fourier series [2]. The output
voltage u(t) for trailing edge naturally sampled modulation [2, 3] in the domain of two variables can be
presented by the use of time variables ¢ and 7 as shown in Fig. 2. This voltage can be formed by

comparison of a sawtooth ramp voltage with a sinusoid voltage. It should be noted that further process
analysis in [2] is realized in the domain of one variable.

u(t,7)

Fig. 1

In order to find a periodical steady-state current in the load of the inverter we expand a differential
equation which describes processes in the domain of one variable of time to a partial differential equation
which describes process in the domain of two independent variables of time [4,5]. After solving the partial
differential equation with the help of a two dimensional Laplace transform one obtains a solution in the form
of a double Fourier series. This result is then transformed in order to represent harmonics in the domain of
two variables.

Mathematical model. Let us assume that switches S, and S, are ideal and that the load is linear.
Processes in the load of the inverter are described by the differential equation

L di(t)/dt =—Ri(t) +u(t), (N
where i(?) is a current, u(¢) is the output voltage of the inverter.

The output voltage is the periodical in the domain of two variables of time 0<¢<7T, 0<7<@®. We
expand the domain of the differential equation (1) from one independent variable of time ¢ to two
independent variables of time ¢ and 7 [4,5] in following way

L 0i(t,7)/ 0t + L 0i(t,7)/ 0t =—Ri(t,7) +u(t,7). )

In order to solve the differential equation (2) we use the two-dimensional Laplace transform [1]
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F(s,q)= ]E]gf(t,r)e_“_qrdrdt :

Applying the two-dimensional Laplace transform to (2) one obtains the following
L(S+q)1(s,q)=—R1(s,q)+U(s,q), 3)
where U(s,q) and I(s,q) are images of the voltage u(¢,7) and current i(¢,7).
We assume that boundary conditions are equal to zero, i.e. i(¢,0) =i(0,7)=0.
Solving (3) for I(s,q) gives

I(s,q)=U(s,q)[L(s +¢q)+R]", 4)
where U(s,q) =[(1—e"")(1—e )" [ [u(t,r)e " drdt.

The image U(s,q) is calculated as follows
Us,q)=U(s. (- (1= )",

T
where U(s,q) = Uq"l.[(l — g dlorKeosen )e"‘”d[ , =27/T; U — aconstant voltage that is equal to 2E .
0

In order to find the steady-state current we calculate residues at singularity points of the image
I(s,q) s, =xjnw, n=0,1,2,.., q02 =0, q,, =tjm2, m=0,1,2,..., where Q=27/0.
We shall not take into consideration a constant value since the inverter output voltage must be zero.
At points ¢° =0, s =+ jo we obtain
_ 2KU cos(wt —¢,)
ON(R +0’L?)

i (£,7) = 2Re lim {(s - jo) lim{i(ffl(s,(ﬁe“ )}ew} )
5 s> jo g—0 dq

where ¢, = arctg(wL/R).

This result corresponds to a first harmonic of the output current. The calculation of residues at points
q=0, s=tjnw for n=2,3,.., yields the result that they are equal to zero.

Calculating residues at points s =0, ¢ =+ ;mQ for m =1, 2, .. one obtains the following
. _ . : s qt st _
i (67) = 2Relim {5 tim [((g = jm)(s.g)e” ) Je"| =

U[Jy(mKQ)sin(m(c-1)Q+4,) ] , _Usin (mQr—¢,) ©)
ma(R? + m*Q212) ma(R? + m* Q%)
where J (mKQ) is the Bessel function of the first kind; ¢, = arctg(mQL/R) .

Calculating residues at points s =+ jnw, n=1,2,.., g =2 jmQ for m=1, 2, .. we get

i, ,(t,r)=2Re lim {(s — jnw)2Re 1img[((q — jmQ)I(s,q)e” )]e} =2UJ, (mKQ) x (7)
S§—> Jnw q—>jm

JR? + (Lnw)? cos(nowt — a,w)sin(m(a —1)Q+ nZJ + LmQsin(nat + gon,m)cos(m(a —0)0+ an

b}

X

ﬂmzn,m
where Z,, = \/R“ + L[ (n@) —(mQ) | +2LRY [ (o)’ +(mQ)* ],
R* + (m*Q* —n*0?) Lna)[R2 + (e’ _ngz)]
®,,, =arctg , O, =arctg

2RLnw R[R2 + (o’ + mZQZ)]

The steady-state current corresponding to the solution (2) has the form

i(t,7)= i iin,m (t,7).

n=0 m=0
m#0 n#0
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In this expression the constant value of the current is not taken into account since the output voltage of the
inverter does not have a constant component.
Spectrum Analysis. The obtained results are presented in the form of a double Fourier series [6]

i(t,7)= i [An’m cos(nat + mQt + an’m)]+ i [Bn,m cos(nwt —mQt + ﬂn,m)],

n,m=0 n,m=1

where coefficients

An,m = /un,mabs(an,m)7 an,m = arg(an,m)’ Bn,m = abs(bn,m)7 ﬂn,m = arg(bn,m)’

5 IO . 5 70 |
o = _J.J.l‘(t’z-)e—j(nwmmﬁr)dz_dt , bn = _.[J.l'(t’z_)e—j(na)t—mﬂr)dz_dt ’
’ 7045 ' 10

0,5, forn=0,m=0,
Fim = 1, for others n and m.
After mathematical manipulations of expressions (5—7) one obtains the following:

U[1-cos(moQ)J,(mKQ) | o R (mKQ)[ ~Rcos(moQ) + LmQsin(moQ) |
= , =arc )
0.m m;r\/Rz + (Lom) “oun 8 Ima+ J,(mKQ) [LmQ cos(moQ)+R sin(mO'Q)]
or a,,, =arctg(R/LmQ) -« forc=0/2,
4 UlJ, (mKQ)|\/R2 + L' (nw—mQ)* B - ulJ, (mKQ)|\/R2 + L' (no+mQ)*
e mrnZ,, ’ e mnZ,, ’
nrx +2moQd
=arct - J, (mKQ)|, 8
a,, =are g[ummg)j o rarg [, (mKQ) ®)
By = arctg(L(mQR_ nw)} LT ich —% +arg[J, (mKQ)]. 9)

In further calculations expressions
(8—9) are reduced to the range
between 7 and - 7.

Results of calculation. Let us find nam
the steady-state process for element
values: R=10Q; L=0,7mH; 004
E=100V; T=20ms; 003
O=T/100 ms; K=0,10ms; 002
0=0/2ms . The time waveform of the 0.01

steady-state current of the load in the
domain of two time variables for
n,m=1,2,3 are shown in Fig. 3.

Fig. S5
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The spectrum of this current is represented in Fig. 4-5.

As one would expect the first harmonic dominates in the steady-state current.

Conclusions. In this paper a steady-state current in the load of an inverter with a sinusoidal PWM
has been presented. In order to find the steady-state process an ordinary differential equation with one
variable of time has been extended to a partial differential equation with two time variables. The obtained
equation has been solved by the use of the two-dimensional Laplace transform and the result has been
presented in the form of a double Fourier series. The expression for the spectrum is obtained by rearranging
expressions for the double Fourier series. The spectra in the domain of two variables are represented using
four Fourier coefficients, i.e., two amplitudes and two phases. It has been shown that the amplitude of a
spectrum decreases with increasing harmonic numbers.
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Lenvlo cmamvu A615€mMcs 2apMOHUYECKUTl AHATU3 MOKA HAZPY3KU 8 00HOPDAZHOM NOTYMOCIOBOM uHeepmope ¢ LLIHM.
Ananuz ocnogvisaemcs Ha pacuiupenuu OugppepenyuanrvHbiX ypasHeHull, Onucbleaemblx 0OHOU nepemMenoll epemenu, 00
VPasHeHUll 8 YaCMHbIX NPOU3BOOHBIX, ONUCHIBAEMBIX 08YMs NEpeMeHHbIMU epemenu. Judgepenyuanvroe ypasnenue 6
YACHBIX NPOU3BOOHBIX DEUaemcs ¢ NoMowbio 08yMepHo20 npeodpaszosanus Jlanaaca. Ilonyuennoe peuwerue npeo-
cmaensemcs 8 popme 080iiH020 psida Pypve. [lonyuennviil peyrvmam npeodpazyemcs 8 hopmy, KOmopas no3eonsem
onucatue 8 gude CneKmpa 8 NPOCMpaHcmee 08yx OUCKpemHbix nepemenusix. bubm. 6, puc. 5.
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